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ABSTRACT

An efficient matrix approach is described to obtain the nearest approach to non-
intersecting lines in 3-dimensional or any n-dimensional spaces. By the nearest approach,
we mean the nearest point(s) or vector(s) to all lines and also each on-line point or vector
with respective to that nearest-to-all point(s) or vector(s) as well. The point of nearest
approach on each line is also evaluated giving the nearest vector to all lines. The entire
solution set can be provided by the matrix approach simultaneously, ensuring efficiency
and accuracy at the same time.

INTRODUCTION

Finding the nearest location to pairs of non-intersecting spatial lines representing wave
propagation directions in our seismic application (Han et al, 2009) had been required.
Regardless of specific issues in analytic geometry, a pure data analysis method is
developed and tested. Further investigation reveals that this method can be extended to
multiple lines in 3-dimensional (3D) space and even in n-dimensional space.

In the following, we will introduce and discuss a matrix technique to find the nearest
approach to two lines in 3D space, the nearest approach to multiple lines in 3D space, and
the nearest approach to multiple lines in n-dimensional space, including our seismic-
related experience and some extensive discuss to our understanding by far.

METHODOLOGY

In each of three approaches below, understanding the matrix-expanding pattern and
establishing the variant matrix representation of the linear system respective to the
number of given lines and the dimension of space is a key step.

The nearest approach to two lines in 3D space

This is the primary approach applied in our seismic applications (Han, 2010). It leads
to additional two approaches as introduced in the next two sections.

Consider two lines in 3D space: [, and !, defined by the known points P; =
(%01, Yo1, Zo1) and P, = (Xxg2, Vo2, Zo2), and the direction cosines U; = (uxl, Uy,
Uzp) and Uy = (uxz, Uyo, uzz) for [; and [, respectively. Methods for finding the
nearest approach to [; and [, are plenty in analytic geometry.
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The solution by analytic geometry

There are many analytic geometry methods that can be used to find the nearest
approach to two spatial lines. For example, the axis rotation method (Pirzadeh and
Toussaint, 1998) developed in the Computational Geometry Lab at McGill for the
minimum distance between two non-intersecting geometric objects such as polygons in
2D or polyhedral in 3D composed of linear edges and faces. Such sophisticated
algorithms of multi-tasks can certainly be adopted to accommodate the two-line case.

In Figure 1, the closest points on the two lines are shown in green and cyan. A red
line connects the two points and is the shortest path between the two lines. The black star
is the midpoint to the desired nearest point. The axis of Figure 1a is rotated in 1b such
that the viewing direction is along one of the lines. In this case, it is the bottom line in
Figure 1, and is coincident with the green star in 1b. It is straight forward to construct the
line normal to the upper line to the “point”, and the midpoint is the desired closest point.

An algebraic method is shown below that used calculus to find the minimum distance
between the two lines l; and [,. as defined previously. This method was obtained from
Dr. Bancroft (Bancroft, 2010) the pseudo code is:

P1 = [x01 y01 z01]
P2 = [x02 y02 z02]
Ul = [uxl uyl uzl]
U2 = [ux2 uy2 uz2]

P21 = P2 - P1

M = cross correlation (U2,Ul)

m2 = dot product (M,M)

R = cross correlation (P21,M/m2)
tl = dot product (R,U2)

t2 = dot product (R,Ul)

Q1 = P1 + tl1*Ul

Q2 = P2 + t2*0U2

$the nearest point location in 3D space
MID gem = (Q1 + Q2)/2
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y
line points (blue and green), and the closest points

on the line (cyan) and the shortest line (red) are shown in a) as a perspective view and b) a

vertical plane viewed along the lower line.

FIG.1 Two lines in blue show the nearest on-

The solution by our matrix approach

Consider l; and [, as defined previously. Then the two lines can be represented by the

following equations:

(A-1)

a,

Y—Yo1 __ 2201
Uyt Uz

X—X01
Ux1
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X—x -y 2-z
02 — 02 — 02 — az (A'2)
Ux2 Uy2 Uz2

where a; and a, are parameter variables representing the Euclidean length along the two
lines respectively. Based on that, we can construct an expanded form of the two-line
linear system in the following way:

(x+0.y+0.Zz—uy.a; —0.a, = x91
0.x+y+0.z—-uy.a; —0.a;, =yo;
0.x+0.y+z—uy.ay —0.a, =2zy;
X4+0.94+0.2—-0.a; —uUyy.a; = Xg5
0.X+39+0.Z2—-0.a; —uUy,.a; = Yo
\0.X+0.9+2—0.a; —uy.a;, = Zy,

N

(A-3)

A previous method used calculus to find the minimum distance between two lines and
we propose to use the same technique by assume in the above equations that (x, y, z) and
(%, 9, 2) are the same point and that a least squares solution will find that point. With this
assumption we create the m vector as

m= l z J (A-4)

and anticipate that al and a2 will define the nearest point on the two lines. We do not
prove this result but have verified the method by comparing the results with the algebraic
solution.

We continue the method by defining the G matrix as

1 0 0 Uy 0
0 1 0 —Uy 0
10 0 1 -—uy, 0 i
G = 1 00 0 —u, | (A-5)
0 1 0 0 —Uy2
0 0 1 0 —Uyy
and d as
[x01
I}’o1|
_1Z01
e (A-6)
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Interesting problems arise when two lines are parallel. We intuitively know that the

nearest point becomes a line. The rank of the matrix G is then reduced from 5 to 4. In
this case we can use a singular value decomposition (SVD) method.

1.

Nearest point by least-squares if G has full column rank
In this situation, we are able to write the least-squares solution to (A-4) as

mi=(G'G)'G"d (A-8)
The nearest spatial location to [, and [, is determined by the first three elements of
(A-8) as

MIDLz_a”: mLz[ 1 13], (A—9)

and the respective nearest on-line points by the remaining two elements as

MIDLz_”:P 1+U1* my, (4), (A- 1 O)
MIDL2_12:P2+U2* my; (5). (A-11)
Nearest point by SVD if G is rank-deficient

The least-squares technique is not applicable to (A-4) in this situation, as (GTG)
is not invertible, i.e. (G'G)"' does not exist. Instead, by using the SVD technique, G
is first decomposed into the following components:

G=Usx6S6x5Vsx5 (A-12)

where U and V represent the data space and the model space respectively, and §
represents the diagonal matrix containing the singular values. Assume the rank of G
is p, and then the compact form of (A-12) will become

G=U,S,V,". (A-13)

It should be noticed that the only rank-deficient case of G in (A-4) happens at the
time when two lines are parallel, which leads to rank (G) = 4. We will present and
encapsulate details in the extended approach. We are now able to build up the SVD
solution to (A-4) as

mg.=V,S," U,"d (A-14)

Then, the nearest spatial point to [; and [, can be determined by the first three
elements of (A-14) as

MIstd_all:m svd[ 1 3] (A' 15 )

and the respective nearest points along each line are determined by the remaining
two elements as

MIDyyq_=P1+U1* MIDyya(4), (A-16)
MIstd_12:P2+U2* MIDSVd(S) (A— 1 7)
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To our understanding, the evidence might be reasoned theoretically in the following
way, though it might not be a rigorous proof.

1. Unlike seismic data, the known information about the two lines is defined exactly,
with no deviation due to, for example, random noise. Therefore, the least-squares
solution that minimizes the Euclidean length of ||d-Gm|| should be the exact nearest
point to the two lines. Therefore, there is no need for a statistical assessment due to
noise, as is usually done with seismic data.

2. The SVD technique provides solutions to more general cases than the least-squares
technique. It encompasses the case of G having full column rank, and in that case the
SVD solution is exactly the least-squares solution (Aster et al, 2005).

3. Any pair of non-intersecting lines will lead G being full column rank, hence the
solution of Gm=d is unique for any pair of non-parallel lines in 3D space.

Thus, for any pair of non-intersecting and non-parallel lines in 3D space, the nearest
point to both lines is unique, and solutions from analytic geometry, least-squares, and
SVD are equivalent. If the two lines are parallel, we know that the nearest point to both
is not unique and is any point along some “middle” line nearest to both. Figure 3 shows
such a point (the green circle) from the SVD solution. We will encapsulate the complete
set of solution points into the general solution addressed in the extended approach later.

Notice that unlike the non-parallel pair, there is no least-squares solution (the blue
circle in Figure 2 for the nearest approach to the parallel lines in 4. There is only a
single SVD-solution (the green circle in Figure 4) available to meet the request of nearest
approach at this parallel situation.

Application to microseismic data

We illustrate the technique with a microseismic problem that has a total of 44
receivers in 3 wells. Each receiver records in 3 axes, from which the direction to the
source is estimated. Lines are now defined at the receivers in a direction towards the
estimated source location. From the 44 lines we can define 946 pairs of lines to get the
estimated nearest points. The lines and their corresponding nearest points are shown in
Figure 4. In this data, we used a singular value decomposition (SVD) technique.
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Comparing solutions from analytic geometry, least squares, and SVD

Y X

FIG.2 The nearest-point solutions by analytic geometry (red dot), least-squares (blue circle), and
SVD (green circle) are identical for a pair of non-parallel lines (blue), as well as the two
associated nearest points (red stars) along each line.

Comparing solutions from analytic geometry, least squares, ahd SVD

e N B e U B = N

FIG.3 The nearest point to two parallel lines (blue) only results from SVD, not from least-squares
and our analytic geometry method. Rank (G) =4 in this situation.
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(cyan) in (b).
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The nearest approach solution provided by the SVD technique is the one that
minimizes the Euclidean lengths of both ||d-Gmgg|| and |mgall. A theoretical
explanation of this issue can be found in the book “Parameter Estimation and Inversion
Problems” (Aster et al, 2005). It is also stressed in this book that it is better in practice to
use the SVD solution than to use the least-squares solution because of numerical
accuracy issues.

The nearest approach to multiple lines in 3D space

Consider m lines given in 3D space, with each defined by a known point and direction
cosines. We denote the m lines as /1, /2, I3, ..., Im, the respective on-line points as
p1=[x01, yor, zoil, P2=[x02 Yoz zo2], P3=[x03, Y03, zo3l, -..., PM=[X0m, Yom Zom), and the
respective direction cosines as Ul=[uy;, u,;, uzl], U2=[u.s, uys, u-2], U3=[uys, uy3, us], ...,
Um=[uym, Uym, U-n]. Then the m lines can be represented by the following equations
respectively as

X—Xo1 __ Y—Yo1 __ Z—Z01 __

= = =a,
Ux1 Uy1 Uz1
X—Xo2 _ Y—Yo2 _ Z—Zpz __ a
= = = a,,
Ux2 Uy2 Uz2
X—X03 _ Y—Yo3 _ Z2=Z203 __
= = = as,
Ux3 Uy3 Uz3
(B-1)
X=Xom _ Y~ Yom _ Z—Zom __
= = =a,,

Uxm Uym Uzm

where a,, a; a;, ..., a, are parameter variables representing the Euclidean lengths along /1,
12,13, ..., Im respectively. Thus, the m-line linear system can be expanded in the
following way:
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Nearest approaches

(x+0.y+0.Z2—uy.a; —0.a;, —0.a3 ...— 0.a,, = x4

0.x+y+0.z-uy.a; —0.a;, —0.a3...— 0.a,, = Yoy
0.x+0.y+z—uy.a; —0.a,—0.a3...—0.a,,, = z¢1
x+0.y+0.z—-0.ay —uy.a, —0.a3 ...— 0.a,, = x¢;
0.x+y+0.z—-0.a; —uyy.a, —0.a3 ...—0.a,;, = Vo2
0.x+0.y+2z—-0.a; —uy.a, —0.a3 ...—0.a, = zy,
{x+0.y+0.z—0.a; —0.a, —u,3.a3...— 0.a,, = xg3 (B-2)
0.x+y+0.z—-0.a; —0.a; —uy3.a3 ...— 0.a,;, = Yo3
0.x+0.y+z—0.a;, —0.a, —uy3.a3...— 0.a,, = zp3
x+0.y+0.z—0.a; —0.a;, —0.a3 ... — Uy Ay = Xom
0.x+y+0.z—0.a; —0.a, — 0.a3 ... — Uyp. Ay = Yom

\0.x +0.y+z—0.a; —0.a, — 0.a3 ... — Uy Ay, = Zop

Accordingly, the matrix representation for the above expanded m-line linear system

will be
Gm=d (B-3)
where G denotes a (m*3) by (m+3) matrix in the following form:
1 0 0 —Ux 0 0 0
0 1 0 —Wn 0 0 0
0 0 1 —uUn 0 0 0
1 0 O 0 —Ux2 0 0
0 1 0 0 —Uy> 0 0
0 0 1 0 —Uyy 0 0
G = 1 0 0 0 0 —Uys 0 |, (B-4)
0 1 0 0 0 —Uy3 0
0 0 1 0 0 —Uys3 0
1 0 0 _uxl. 0 _uxZ' 0 _ux3- 0 uxm
0 1 0 —uyl. 0 _u’yZ' 0 —Uy3z- 0 —Uxm
0 0 1 —uy,.0 —uy,.0 —uys.0 Uxm
and m and d denote two column vectors of the following forms
— x —
y
z
aq
m = az 2 (B-S)
asz
La,,
CREWES Research Report - Volume 22 (2010) 9
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d=|Xo3 | (B-6)

Solving for m, we obtain the best fit (X, y, z) for the nearest point along with the points
on each line given by the @;’s. The point then defines the best estimated locations shown

in Figure 4b.

General solution

For the general solution, we ignore the least-squares technique as it is not able to
provide solutions once G is rank-deficient. By using SVD, we derive the general
solutions of the nearest approach for all cases of multiple lines in 3D space, including
cases with a unique solution and cases with an infinite number of solutions as well, in the
following way:

1. Decomposing G in (B-3) by the SVD technique yields
G = Upxp * Spxq * Vxq (B-7)

where p=m*3 and q=m+3 are used to indicate the p by q matrix of G, U is a p by p
orthogonal matrix with columns that are unit vectors spanning the data space (Rm), V is a
q by q orthogonal matrix with columns that are basis vectors spanning the model space
(Rn), S is an m by n diagonal matrix with nonnegative diagonal elements (singular
values).

2. Expanding the above SVD representation of G in terms of the columns of U and V
gives
s, 0
G = [U.,l. Uz - Up . U__,,] [ ; 0] [V.,l, Vo - Vi . Vlyq]T (B-8)

3. Simplify G into the compact forms

s, 0
G=[U, U [P ]V Vol
[Ur U] 0 0 Vi Vol
G=U,*S*V} (B-9)
4. Obtain the SVD solution to (B-3)
Mg = Vi xS+ UL+ d (B-10)
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5. Obtain the SVD solution point nearest to all m lines given in 3D space
MIDyoan = Mypa[1: 3] (B-11)

6. Obtain all respective on-line nearest points
MID;o;1 = P1 4+ U1 * mg,4[4],

MID,orz = P2 + U2 * mgyq[5],
MID,oi3 = P3 + U3 * mg,q[6],
(B-12)
MID;opm = Pm + Um * mg,4[3 + m].

7. If k=q, then the solution of nearest approach to all m lines is unique and is the
collection of the finite number of spatial points just derived above:

{MIDtoAllo MIDtoll: MIDtolZ: MIDtolSa EEED) MIDtolm}- (B'13)

8. If k<q, then the solution set of nearest approach to all m lines is not unique and is the
collection of the finite number of spatial points as determined below:

Meop1ipara = Mepg + Vo x H (B-14)

where ¥V} is a p by (¢-k) matrix spanning the null space of G”, and H is a column vector
of p-k elements scaling V. With G from the expanded matrix model of the m-line linear
system in 3D space, k is (q-1) definitely if k<q, and accordingly V) becomes a one
column vector. Then the above equation can be reduced to the following compact form:

Moaiipara = Mspa + M * Vg (B-15)

where / is a single scaling parameter and v,is a p-element column vector.

We are now able to define the infinite number of spatial points qualifying as the nearest
point to all m lines as

MIDpanpara = mtoAllPara[l: 3]5 (B-16)

and the respective on-line nearest points as

MID¢oi1 = P1 + UL * Myoanparal4l,
MIDyo1, = P2 + U2 * MyoanparalSl,
MID;i3 = P3 + U3 * Myoauparal6l,
(B-17)
MID¢opm = Pm + Um * Myoauparal3 + ml.

Thus we are able to collect the complete solution sets at this situation as

{MIDtoAllPara: MIDtollv MIDtolZ: MIDtolZv MIDtoB: EERS) MIDtolm}- (B'18)
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We will illustrate the four cases by choosing four lines. Figure 5 shows the four different
cases.

;’\'\\ o = :;no 4 o

a —

50 e -40 zo- 3 T T =
- > ¥ E o — 50
00 S 0 oot 40 80
-150

FIG.5 Case illustration with four non-intersecting lines (a) no parallel at all, (b) two mutual-parallel
pairs (cyan and green, pink and blue), (c) 3 lines parallel (blue, cyan, and green), and (d) all
parallel. Part (a), (b), and (c) show three cases with a single unique solution, while part (d) shows
the case with an infinite number of equivalently nearest points along the solution line (black).

It can be observed in Figure 6 that if four lines are all parallel, then the solution sets of
the nearest approach to all four lines is infinite, as indicated by the black line in part (d),
instead of the single unique point as shown in part (a), (b), and (c).

To be specific, if there is any non-parallel pair within any number of m lines given in
3D space, then the solution of the nearest approach to the multiple lines, including the
nearest point to all lines as MID;,4;1parq the respective nearest points along each line as
MID;;, MID;,, MID;,, MID,3, ..., MIDy,, is not unique, as defined in the above equations
accordingly.

Notice that at such an all-parallel case, the matrix approach cannot be applied with the
least-squares technique; although it is solvable by SVD, we are limited to a single set of
solution. In contrast to the single SVD-solution point, Figure 6 illustrates one of the
infinite non-SVD solution points along the black line, i.e., all points equivalently nearest
to the four parallel lines (color-coded in cyan, green, pink, and blue). However the SVD
solution is shown by the black point and is closest to the origin. Choosing the origin
closest to the active solution area may enable the use of more points when using the SVD
method.

12 CREWES Research Report - Volume 22 (2010)



Nearest approaches

FIG.6 lllustration of the single unique SVD solution point (green dot) and one of the other infinite
solution points (blue dot), as well as their respective on-line nearest points, i.e., four red dots
connected with green dashed lines and four red dots connected with blue dashed lines.

The nearest approach to multiple lines in n-dimensional space

Consider m lines given in an n-dimensional space. Assume we know a orthogonal
basis w=[w;, ws, w;, ..., w,] about this space and a vector on each line, denoted as
p1=[X11, X712, X135 «eey Xln], p2=[X21, X22, X23, ..., in], p3=[X31, X32, X33, ..., X3n], ceeey pm=[xm1,
Xm2y Xm3, -y Xmn] ON 1y, Iy, 13, ..., I, respectively. Also assume that we know the direction
cosines of each line to the set of orthogonal basis, denoted as ul=[u;;, w2, u;3, ..., U],
u2=[u21, Uro, U3, ..., ugn], u3=[u31, Ui, U3z, ..., ug,,], ...um=[um1, Um2, Um3, ..., umn] for Z], lg,
I3, ...., I, respectively.

Notice that it seems common to have the orthogonal projections of the m lines on w.
We then expect that the sets of direction cosines could be derived by taking the dot
products of the projected line portions with w. However, we ignore the mathematical
details and assume we are able to obtain the direction cosines for each line in n-
dimensional space, as well. Based on this, we can follow the previous linear system
expanding pattern and obtain our solutions for the nearest approach to multiples lines in
n-dimensional space.

The m lines defined above can be represented respectively by the following linear
equations:

CREWES Research Report - Volume 22 (2010) 13
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X1~ Xq1 X2 —X12 X3 — X13 Xn — Xin _
= = = .. = =a,,
U1 U1z Us3 Uin
X1 —X21 Xz — Y22 X3 T Zz3 Xn — Xan a
= = = . = = a,,
Uz1 U2 Uz3 Uzn
X1 7 X371 Xy 7 X3z X3 T X3z Xpn— X3p a
= = S = as,
Uzq Uz Uz3 U3p
(C-1)
X1 Xm1 — X2 Xm2 — X3 Xms3 — — Xn Xmn —
Um1 Um2 Um3s Umn "
(x;+0.x,+0.x3+--+0.x, —uyy.a; —0.a, — 0.a3 ...— 0.a,,, = x11
0.x +x, +0.x3+ -+ 0.x, —uy5.a; —0.a, — 0.a3 ...— 0.a,,, = x1»
0. +0.x, + x5+ -+ 0.x, —uy3.a; —0.a, — 0.a3 ... — 0.a,,, = xq3
0. +0.x, + 0.3+ -+ 1.x, —uyp.a; — 0.a, — 0.a3 ... — a, = X4,
xy+0.x,+0.x3+-+0.x, —0.a; —uy;.a, —0.a3...— 0.a,,, = x4
0.xq +x, +0.x3+--+0.x, —0.ay —uy;.a, —0.a3...— 0.a,, = x,,
0.x +0.x, + x3+ -+ 0.x, —0.a;y —uy3.a, —0.a3...— 0.a,, = x5
0.xy +0.x, +0.x3 + -+ 1.x, —0.a; —uyp.a, —0.a3...— a,,, = x5,
{ x1+0.x, +0.x3+--+0.x, —0.a; —0.a, —uz;.a3...— 0.a,, = x31 (C-2)
0.xq +x, +0.x3+--+0.x, —0.a; —0.a, —u3z,.a3...— 0.a,, = x3,
0. +0.x, +x3+--+0.x, —0.a;y —0.a, —u3z3.a3...— 0.a,, = x33
0.x; +0.x, +0.x3 + -+ 1.x, —0.a; —uzp.a, —0.a3...— a,,, = x3,
x1+0.x,+0.x3+-+0.x, —0.a; —0.a, —0.a3 ... — Uy1. Ay = X1
0. +x, +0.x3+--+0.x, —0.a; —0.a, — 0.a3 ... — Up- Ay = X2
0.2 +0.x5 + x5+ -+ 0.x, —0.a; —0.a, — 0.a3 ... — Upy3. Ay, = X3
\0.x;y +0.x, + 0.x3 +-+x, —0.a; — 0.a, — 0.a3 ... — Upyp- Ay = X

Then, a point of nearest approach to all m lines could be obtained generally in the
following matrix representation of their linear system as

Gm=d (C-3)

where G is a (m*n) by (m+n) matrix with the following form
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100 0 .. 0 —%1 0 0

0O 1 0 0 .. 0 ~UuUiz 0 0

00 1 0 0 —tz 0 .. o

000 .. 0 1 ~Wm 0 0
G= s S (C-4)
1000 ~ 0000 0 .,

01 0 0 0000 0 .,

00 1 0 0000 0 .

Lloo0oo0 ..010 0 . Uy

and m and d denote two column vectors with the following forms respectively

m= (C-5)

rX0117

Xo1n
X021 c6
Xozn | (C-6)

Xon1

L X onnd

Following the approach to the general solution in 3D space, we derive the general
solution of nearest approach to multiple lines in n-dimensional space as follows:

1. Decompose G in (C-3) by the SVD technique

G =Upyp* Sprq * Vg (C-7)

pxp pxq

where p=m™*n and g=m+n are used to indicate the p by ¢ matrix of G, U is a p by p
orthogonal matrix with columns that are unit vectors spanning the data space (R™), V'is a
g by g orthogonal matrix with columns that are basis vectors spanning the model space
(R"), S is an m by n diagonal matrix with nonnegative diagonal elements (singular
values).

2. Expanding the SVD representation of G in terms of the columns of U and V gives
S, 0
G=[Us Vs = U o W[ |V Voo = Vi o vy (C9)

3. Simplify G into the compact forms
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Sp
0

G=U,*S *Vi§ (C-9)
4. Obtain the SVD solution to (C-3)

6=V Vo[ o]V vl

Mgyq = Vi xS+ U+ d (C-10)

5. Obtain the SVD solution point nearest to all lines
MID o411 = Mgpal1:n] (C-11)

6. Obtain all respective on-line nearest points
MIDo;1 = P1 + Ul * mgq[n + 1],

MID;oi2 = P2 + U2 * mg,q[n + 2],
MID;oi3 = P3 + U3 * mg,q[n + 3],
(C-12)
MID¢opm = Pm + Um * mg,4[n + m].

7. If k=q, then the solution of the nearest approach to all m lines is unique and is the
collection of the finite number of spatial points just derived above:

{MIDtoAllo MIDtoll: MIDtolZ: MIDtolSa EED) MIDtolm}- (C'13)

8. If k<q, then the solution set of the nearest approach to all m lines is not unique and is
the collection of the finite number of spatial points as determined below:

Mop1para = Mepg + Vo x H (C-14)

where VO is a p by (q-k) matrix spanning the null space of GT, and H is a column vector
of p-k elements scaling VO. With G from the expanded matrix model of the m-line
linear system in n-dimensional space, k is (q-1) definitely if k<q, and accordingly VO
becomes a one column vector. Thus the above equation can be reduced to the following
compact form:

Meopupara = Mspa + h * Vg (C-15)

where h is a single scaling parameter and v_0 is a p-element column vector.
Then we are able to define the infinite number of spatial points qualifying as the nearest
point to all m lines as

MIDoatipara = Meoauipara [1: TL] > (C-16)

and the respective on-line nearest points as

MID¢oi1 = P1+ ULl * Myoayparaln + 11,
MIDyop, = P2 + U2 * Myoayparaln + 21,
MID;pi3 = P3 + U3 * Myoauparaln + 31,
(C-17)

MID¢oim = Pm + Um * Myopparq[n + ml.
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Thus we are able to collect the complete solution sets of this situation as

{MIDtoAllParaa MIDtoll, MIDt012> MIDtoB, MIDtoMa (KX MIDtolm}- (C'18)

To be specific, if there is any non-parallel pair within any number of m lines given in
n-dimensional space, the solution of nearest approach to the m lines, including the nearest
point to all lines as MID;,a11parq and the respective nearest points along each line as
MID;,;1 MID¢412, MID;g13, MID¢o1as --., MID¢o1m, 1S not unique, as defined in the above
equations.

CONCLUSION

The matrix approaches above might be an efficient alternative to some analytic
geometry methods for the nearest vector(s) to multiple lines at various geometry relations
(intersecting, non-intersecting, or parallel) in 3D space or their extensions in n-
dimensional space. The respective set(s) of nearest on-line vectors can be obtained
simultaneously and efficiently as well.
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