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Open questions

Can we parameterize FWI / IMMI with the same
versatility” with which we do AVO / AVA?

Does FWI| accommodate multicomponent data (e.g.,
PP + PS modes) jointly? Independently? Either?

If high-angle reflectivity is key, linearizations® are
likely problematic — where in FWI do they lurk?

How do we adapt sensitivity analysis to account for
large contrasts / large angles?

"See Anagaw, 2014 (Phd Thesis, U of A)
*With average angles (Downton & Ursenbach 2006) being unavailable to FWI
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Elastic scattering

Move towards general sensitivity formulas. AVO prototype:
AVp V&

2
(1—|—tan20)——4 sin29%+1(1—|—4&sin29>ﬁ

Rpp(0) =~
e (0) Ve V32 Ve ' 2 V2 0

DY | —



Elastic scattering

Move towards general sensitivity formulas. AVO prototype:
AVp V&
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Elastic scattering

Move towards general sensitivity formulas. AVO prototype:
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Elastic scattering

Move towards general sensitivity formulas. AVO prototype:

1 AVp V2 ., AVs 1 V2 Ap
) ~ = (1 20) —— — 42 sin*0—= + — (1 +4-2sin?0 | =%
Epp() 2( + tan” 6) 7 Vlgsm 0 Ve —|—2( + Vlgsm 0) ,
U (‘mp
ou 1
m—(l—l—tan29)
8mp 2

“Frechet kernel” / “sensitivity” plays the same role as that
played by AVO coefficients— how to update (e.g., in Vi), how
to understand characteristics of inversion



Elastic scattering

Weglein and Stolt (y,u,p)

displacement ou = GoVug

l

PP,PS,SP,SS /G = G, VG



Elastic scattering

Weglein and Stolt (y,u,p)

displacement ou = GoVug

C—~
| V=L- L

PP,PS,SP,SS /G = G, VG

L = pr 10 + 0x Y0y + 0. p10; Oy (’Y _ 2:“)82 + 0 0y
0 1 0, (7 — 21)0y + 0110, 0,70, + Oy 110,



Weglein and Stolt (y,u,p)

displacement

PP, PS, SP, SS

Elastic scattering

ou = gQVUO
e
0G = GoVG

8. 9.
__az aﬂj_




Elastic scattering

Weglein and Stolt (y,u,p)

displacement ou = GoVug
l \ ideal for flexible
parameterization
PP, PS, SP, SS 0G = GogVG

ideal for multi-
component seismic



Elastic scattering

Weglein and Stolt (y,u,p)

displacement ou = GoVug
l \ ideal for flexible
parameterization

PP, PS, SP, SS 03 = GOVG
/\/’

ideal for multi- |
component seismic ...does this mean we

have a problem?



Sensitivities from linearized scattering

The goal

source
€T
>

>
Szv l I
T
receiver




Sensitivities from linearized scattering

The goal
source g
> S
SZW l I
SV frz
Qin p receiver
0

(as P-S
potentials)



Sensitivities from linearized scattering

The goal
source g
I\ )
>
SZW l Iy
SV Tz
in p receiver
G"O
(as P-S
potentials)
Oy Ol 0p

scatter (displacement)



Sensitivities from linearized scattering

The goal
source S
| >
S > Iy
Iz
in receiver
Gy P
(as P-S out
potentials) GO
(as P-S
5~ 611 6p potentials)

scatter (displacement)



Sensitivities from linearized scattering

The goal
source fﬂ?
I\ >
S > T
Tz
in receiver
Gy F
(as P-S out
potentials) GO
(as P-S
5~ 811 8p potentials)

scatter (displacement) How?



Sensitivities from linearized scattering

Sensitivities, base parameters

0G (kg ks) [ 82Gp,  02Gp, ”1 1”@%%0 —0,0.Gy,
1

087 (x, Z) N _8:E62GSO 82’8{19GSO 1 agGiDo aZ@fEG,SO

X/\

2x2 matrix of sensitivities
respect to y



Sensitivities from linearized scattering

Sensitivities, base parameters

0G (kyg, k) 82Gp,  92Gp, 1 1| [ 0iGp, —0.0.G,
0s(z, z) 1

J

Via IBP, all derivatives
act on the incoming  —__
and outgoing waves




Sensitivities from linearized scattering

Sensitivities, base parameters

0G (kg, ks) 82Gp,  02Gp, ] [ 11 ] [ 0;Gp, —0:0.Gyg,
1

(‘987 (ZC, Z) B _axazGSO azaCBGSO 1 agGiDO aZaCBG,SQ

Simple intermediary
mixing matrix



Sensitivities from linearized scattering

Jumping to other parameters

(e.g., Goodway’s LMR)
S S
08y — ( al ) 0Sxnp — (ﬂ) S,
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Sensitivities from linearized scattering

Jumping to other parameters

(e.g., Goodway’s LMR)

starting from (A,u,p)



Sensitivities from linearized scattering

Jumping to other parameters

(e.g., Goodway’s LMR)

S S
S S
HPO PO
05, — 08, _ |
now involve ratios of

starting from (A,u,p) reference parameters
with (Ap,up,p)




Anatomy of a FWI update

Univariate prototype

forward modeling F(.’E)

d = F($*) datum, true model
1
objective function ¢(£IZ) — 5 [F(.CU) — d]2
/
A:L‘N = ¢ (x> Newton step from x towards x*

" ()



Anatomy of a FWI update

Univariate prototype

F'(z)|F(z) — d]

explicitly, Axny = [F/(ZE)]Q + F”([IZ)[F(CC) — d]

J(a; ]-gradlent
( )J(x) -+ HNL ]-HeSS|an

AZIZN:



Anatomy of a FWI update

Univariate prototype

F'(z)|F(z) — d]

explicitly, Axny = [F/(ZE)]Q + F”([IZ)[F(CC) — d]

reS|duaIs
Jacobian / sensitivity matrix

Apy — MJ ]-gradient

) —|— HNL ]-HeSS|an




Anatomy of a FWI update

Univariate prototype

F'(z)|F(z) — d]

explicitly, Axny = (F'(2)]2 + F"(2)[F(x) — d|

reS|duaIs
Jacobian / sensitivity matrix

K\:] gradlent
AZIZN
) —|— HNL ]-HeSS|an
Gauss-NewU
part of H

nonlinear, r(x)-dependent part of H




Anatomy of a FWI update
FWI nonlinearity

Seek nonlinearity in the

1. Residuals (forward modeling)
2. Sensitivities (J(x) = a + bx + cx? =~ Jyx) )
3. Residual dependent part of H

(a?)i(w)

/

AZIZ‘N:



Anatomy of a FWI update

Derive forms for

Multicomponent elastic FWI (flexible parameterization,

linearized sensitivities)

Jo(@)r(z)
Jo(x)Jo(x)
Scalar FWI (nonlinear sensitivities)

Jo(z) + Ji(z)|r(z)
Jo(z)Jo ()

AZEGN —

AZEQnd —



Multicomponent elastic updates

Elastic objective function

_1 L (spH
O = : //j‘w k;g;fP 5P)
oy

6PPP(kga kS) 6PSP(kga ks)

OP (kg ka) = { 5Pps (g, ks) 0 Pss(kg, ki)

discrete kg, K, continuous w



Multicomponent elastic updates

Elastic objective function
\

_l {r o |
b= //jwk;ifP P)
(N

6PPP(kga kS) 6PSP(kga ks)
0Pps(ky, ks) 0Pss(kg,ks)

5P (kg ky) = {

discrete kg, K, continuous w
Frobenius product tr (A" B)



Multicomponent elastic updates

Elastic objective function
\

_1 {r o |
b= //jwk;;ﬁm P)
(N

0 Ppp(kg, ks)
0 Ppg(ky, ks)

0 Psp(kg, ks)
0 Psg(ky, ks)

5P (kg ky) = {

discrete k, ks, continuous w

Frobenius product tr (A" B)
joint or independent PP, PS, etc. inversion



Multicomponent elastic updates

dsx(x, 2)
dsy (x, 2)
0sz(x, z)

Multicomponent updates

:/daz’/dz’?—[_l(az,z,a:’,z’)g(a:’,z’)

vector of gradient
functions

H(x,z,2',2") =

gx
gz

matrix of Hessian
functions



Multicomponent elastic updates

Multicomponent updates
—
. 0G (ky, ko) 1" [0G (ky, ks)
Hxy(®za,2) = /dw kgz,; u { [c‘isx(x’,z’)] [ Osy (z, z) ] }
[ 3 o etk e}
&““\

Involving our (1) flexible sensitivities

and (2) joint or independent use of PP, PS, SP, SS




Nonlinear sensitivities and reflectivity

FWI nonlinearities affecting reflectivity

J(@)r(z)

AZEN:

Reduce from full Newton update...



Nonlinear sensitivities and reflectivity

FWI nonlinearities affecting reflectivity

Jo(z) + Ji(z)|r(2)
J() (ZB)J() (CE)

AZEQnd —

...to Gauss-Newton with 29 order sensitivities



Nonlinear sensitivities and reflectivity

FWI nonlinearities affecting reflectivity

8G(rgars) — lim 5G(I'g,rs) o(r) A N o (r
( 88(1‘) >N B 518—>0 (SS(I‘) 0 ( ) 7;5 n( )




Nonlinear sensitivities and reflectivity

FWI nonlinearities affecting reflectivity

8G(rg,rs) — lim 5G(I‘g,rs) o(r) A N o (r
( (98(1‘) >N B 518—>0 (SS(I‘) 0 ( ) ;5 n( )

Reduction to 15t order sensitivity

(i) -



Nonlinear sensitivities and reflectivity

FWI nonlinearities affecting reflectivity

8G(rg,rs) — lim 5G(rg,r3) o(r) A N o (r
( (98(1‘) >N B 518—>0 (SS(I‘) 0 ( ) ;5 n( )

Reduction to 15t order sensitivity

—0G(ry, Ty w?G rg,rGr,Iq
(8G(rg,rs)> — fim 5G(rg,rS)L( G, )G T
1

o~
Os(r) 5s—0  0s(r)




Nonlinear sensitivities and reflectivity

FWI nonlinearities affecting reflectivity

8G(rg,rs) — lim 5G(I‘g,rs) o(r) A N o (r
( (98(1‘) >N B 518—>0 (SS(I‘) 0 ( ) ;5 n( )

Reduction to 15t order sensitivity

(_,(SG(rgv rs)[sz(rg, I‘)G(I‘,Iﬂ

<8G(rg,rs)> — fim 6G(ry,rs) —
1

Os(r) 5s—0  0s(r)
— m ( 0G(ry,rs)

0s=0 \ 0G(ry,rs) |—w?G(ry,r)G(T, rS)]_l )




Nonlinear sensitivities and reflectivity

FWI nonlinearities affecting reflectivity

8G(rgars) — lim 5G(I'g,rs) o(r) A N o (r
( 88(1‘) >N B 518—>0 (SS(I‘) 0 ( ) ;5 n( )

Reduction to 15t order sensitivity

—0G(ry, Ty w?G rg,rGr,Iq
(8G(rg,rs)> — fim 5G(rg,rS)L( G, )G T
1

\/
83(1‘) ds—0 58(1‘)
— lim ( 0G(ry, r) ) )
5550 \ 8G(rg, 1) [~w2G(ry, T)G(r,15)] "

_ —w2G(rg, r)G(r, 1) (consistent with, e.g.,
Tarantola 1984)




Nonlinear sensitivities and reflectivity

FWI nonlinearities affecting reflectivity

8G(rg,rs) — lim 5G(I‘g,rs) o(r) A N o (r
( (98(1‘) >N B 518—>0 (SS(I‘) 0 ( ) ;5 n( )

2"d order “collocated scattering” sensitivity

(o), =0t meten) (14 G )



Nonlinear sensitivities and reflectivity

FWI nonlinearities affecting reflectivity

((’9G(rg,rs)>N — fim 5G(1£‘g,1rs)7 Ss(r) ~ nf:l%n(r)

Os(r) 5s—0  0s(r)

2nd order “collocated scattering” sensitivity

(i

consistent with 1st order
sensitivities in the limit of
small residuals

(GG(rg,rs)

Ds(r) )2 = —w?G(ry,r)G(r, T 5P*(I‘g,rs)G(r,r)>

G*(r,,r)G*(r,ry)

engages the data nonlinearly
through appearance of oP



Nonlinear sensitivities and reflectivity

Analytic / numerical example

e S(z — 21)
1
Co ¢

0 Z1 z —

Scalar (Vp) model with one reflecting interface

Source, receiver collocated at z=0
1 6i2k21

Pzg =02 =0) = p + g




Nonlinear sensitivities and reflectivity

Analytic / numerical example

e S(z — 21)
1
Co ¢

0 Z1 z —

Scalar (Vp) model with one reflecting interface
Source, receiver collocated at z=0

1 6i2k21
Pzg =02 =0) = p + g
L_ﬂ__J

direct



Nonlinear sensitivities and reflectivity

Analytic / numerical example

e | S(z — 21)
S —
Co ¢

0 21 zZ —

Scalar (Vp) model with one reflecting interface

Source, receiver collocated at z=0
1 6i2k21

Pzg =02 =0) = p + g

| J \ l
I |

direct reflected




Nonlinear sensitivities and reflectivity

Analytic / numerical example

homogeneous reference medium

C1
ch
Co
0 > 21 z —

iterate to recover correct step height




Nonlinear sensitivities and reflectivity

gradient based on 18t
/\/ order sensitivities
Tco R

g(z) = —, S(z — 21)

77(38

QRQ]S(Z — 21)

L gradient based on 2"
— " order sensitivities

16
H. — (2 —
an(e?) = o0z =)



Normalized data residual

Nonlinear sensitivities and reflectivity
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Nonlinear sensitivities and reflectivity

0.8

0.6

0.4}

0.2}

Data residuals

—O— 1st order |1

—4— 2nd order

lteration #

Log data residuals

—©— 1st order

®
3 Of —t— 2nd order |1
3
© =2
T
©
5’ -4
©
N -6f
g
5 -8f
Z
-10 : ' : :
2 4 6 8
Iteration #




Conclusions

Flexible elastic / petrophysical parameterization, joint
and/or independent use of PP, PS, SS modes, are
included in FWI / IMMI formulation.

Goal: what we know about AVO inversion and
guantitative interpretation becomes internal to FWI

Key geological information resides in high angle AVO,
where, from FWI perspective, nonlinearity reigns

Nonlinear sensitivities impact nonlinear reflectivity;
route to pulling high angle information into updates?
Nonlinear Hessian — transmission nonlinearity?
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