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Full waveform inversion (FWI)

FWI performs an inversion that honors
every sample of the input data as real
signal. How does the “noise” affect these
results?
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Model-based Inversion 
(Lines and Treitel, 1984, among others)

• Define model parameters, x.

• Compute model response, f.

• Compare f to data values, y.

• Minimize e=y-f, “error of fit”.

• We can minimize e (often in a least 
squares sense).

• Solve for parameter change vector, 
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Jacobian Matrix

• The Jacobian matrix, A, is a rectangular 
matrix of size n by p and its cost of 
computation can control the cost of the 
inversion.

• n =no. of data points

• p = no. of model parameters:
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What is “Seismic Noise”?

Definition: (Sheriff’s Dictionary)

1. An unwanted signal.

2. Seismic energy other than primary 
reflections; includes microseisms, source –
generated noise, multiples, …

3. Sometimes divided into coherent noise 
and random noise.
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Revised definition of “Seismic Noise”

With multiples and microseisms being used
in inversion and considered as “signal”, a
revised definition might be:

Noise: Any recorded signal that is unrelated
to properties of the solid earth. Examples
could include effects of wind, ocean waves,
traffic, power lines, and recording
instrument noise.
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FWI noise tests for random and correlated noise

This talk will deal with simple tests of FWI
on random noise and on multiples
(an“undesired signal”).

Two examples will be examined:

1. The effect of random noise on a simple
inversion example.

2. The inversion of primaries and
multiples for reflection coefficients.
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A Simple Synthetic Example – Transmission‐Dominated Models
source in row 30, column 60; 

receivers in every column, row=45
Solve for Q in layer 2

Layers Cells
Q

Model 2

1 (yellow) 1‐40
Q=210000
V=1500m/s
Rho=1000.

2 (blue) 41‐120

Q=6.28
V=1500 m/s
Rho=1000.



Inversion tests
• Synthetic data used in inversion tests.  Left  seismic section that is noise‐

free, middle seismic section has S/N =5.0 and right section with S/N = 2.5.



Inversion of Noisier Data
• Inversion of model data with S/N=2.5:  Left  Input data with Q=6.28 with 

additive noise, middle seismic section for initial guess Q=15 and right 
section with converged result after 3 iterations (Q=6.26).



Full waveform inversion (FWI)

Actual Q value = 6.28
Initial guess Q=15
Converged  answers after 3 iterations 

• Q estimates accurate  to within 3% after 3 iterations.
• Inversions of data with varying amounts of noiseconverged to 

the answer within 3 iterations.
• FWI appears to be robust.



Error vs Q for different noise levels

Top: noise‐free case
Middle:  noisy
Bottom: very noisy 

• Q estimates accurate  to within 3% 
after 3 iterations.

• Although error of fit worsens with 
decreased S/N, the error minimum is 
reached near the correct value of Q in 
each case.



Robustness of FWI

• The convergence of FWI to the correct answer for 
modest amounts of additive random noise can be 
understood if we examine the mathematical 
formulation for the inversion.



Model‐based Inversion 

• Recall the least squares solution for 
noiseless case

• Compare to the noisy case where b is 
replaced by b+n.
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Model‐based Inversion 

• If noise is random and zero mean, then 
the crosscorrelation with A is 0.

• Hence, for this noisy case, the result is 
largely unaffected by noise.
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Preliminary Results

• Full waveform inversion for these simple Q‐
estimation problems is not overly sensitive to 
noise

• Error of data fit deteriorates slightly with noise 
but accuracy of Q estimate is consistent.



How do we use seismic data such as this?

• Sometimes multiple energy can dominate the entire 
seismic section as in this offshore Newfoundland example 
from the MUN Ph.D. thesis of Simon O’Brien (1997)



Use multiples as signal to be inverted?

• After trying nearly every multiple suppression 
known to the industry, O’Brien was able to 
invert for primary reflections by treating 
multiple arrivals as “signal” rather than 
“noise”.

• Some model tests were done at about the 
same time by Lines (1996 CJEG) to compare 
inversion of multiple energy to deconvolution
results.



Comparison of Reflectivity with Impulse Response

• Comparison of reflectivity (repeated traces 1‐5) with impulse response 
(repeated traces 6‐10) from Lines (1996)



Inversion by model fitting of primaries and multiples

• The actual reflection coefficients (traces 1‐20 in plot) are compared to the 
estimated reflection coefficients (traces 21‐40) that are obtained from the 
inversion after 5 iterations (from Lines, 1996).



Comparison of data to model response following inversion

• Data in traces 1‐20 is matched well by the model response in traces 21‐40 from Lines (1996).



Imaging and inversion of multiples

• Weglein (2014 SEG presentation) stated that the 
imaging condition of Claerbout (1971) does not handle 
multiples.

• There was subsequent debate about the validity of 
imaging multiples.  The Schuster “rear view mirror 
example” served to support the imaging of multiples.

• We can use model-based inversion to estimate primary 
reflection coefficients.



Conclusions

• Random noise effects on FWI may not be 
as bad as originally anticipated.

• FWI of multiples may prove useful.
• Imaging of multiples through migration 

methods – the jury is still out.
• FWI is robust if we start close to the 

answer.



References
• Claerbout, J.F., 1971, Toward a unified theory of reflector mapping, Geophysics, 36, 467-481.
• Lines, L.R., 1996, Suppression of short-period multiples – deconvolution or model-based 

inversion, Canadian Journal of Exploration Geophysics, v. 32, no. 1, 63-72.
• Lines, L. R., Vasheghani, F. and Bording, R.P., 2013, Quest for Q using seismic inversion 

methods, PIMS Summer Workshop, University of Calgary, July 2013. 
• Lines, L.R. and Treitel, S., 1984, Tutorial: A review of least-squares inversion and its application to 

geophysical problems: Geophysical Prospecting, 32,159-186.
• O’Brien, S., 1997, Adaptive raytracing-based suppression of severe water-bottom multiples in 

marine data: Ph.D. dissertation, Memorial University of Newfoundland.
• Pica, A., Diet, J.P., and Tarantola, A., 1990, Nonlinear inversion of seismic reflection data in a 

laterally invariant medium, Geophysics, 55, 284-292.
• Quan, Y., and Harris, J.M., 1997, Seismic attenuation tomography using frequency shift method: 

Geophysics, 62, 895-905.
• Sheriff, R., 1991, Encyclopedic Dictionary of Exploration Geophysics, Third Edition, Society of 

Exploration Geophysicists, Tulsa, OK.
• Shin, C.S. 1987, Nonlinear  elastic inversion by blocky parameterization, Ph.D. thesis, University 

of Tulsa.
• Shin, C.S., Pyun, S., and Bednar, J.B., 2007, Comparison of waveform inversion, part 1: 

conventional wavefield vs logarithmic wavefield, Geophysical Prospecting, v. 55, 449-464. 
• Weglein, A.B., 2014, Multiples: Signal or Noise?, presentation at SEG Annual Meeting in Denver, 

Colorado.
• Zhou, C., Cai, W., Luo, Y., Schuster, G., and Hassanzadeh, S., 1993, High-resolution crosswell

imaging by seismic travel time + waveform inversion, The Leading Edge, 988-991.


