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Abstract

Using forward models and geometrical analysis, criteria are established for
deciding whether group or phase velocities are calculated from experimentally measured
traveltimes in anisotropic samples.

With these results, two experiments were carried out: one to obtain phase
velocities across an anisotropic sample; another to acquire group velocities across a
second sample of the material. | designed numerical inversions for the 21 independent
stiffnesses of the material from either group- or phase-velocity data. | then compared the
accuracy, robustness and computational complexity of the two inversion procedures
group velocity to stiffnesses and phase velocity to stiffnesses.

My group-velocity inversion overcomes the difficulty of calculating group
velocity in a prescribed direction and can calculate group velocities accurately even in
directions near shear-wave singularities. Although phase velocities are easier to calculate
than group velocities, the group-velocity inversion performed better in laboratory tests
because group velocities are easier to measure.
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Chapter 1

Introduction

Seismic anisotropy is the dependence of elastic-wave velocities through a medium
on the direction in which the elastic wave is travelling. Conventionally, one might assume
that elastic-wave velocities do not change with direction, i.e. that a particular medium is
isotropic. However, this is not generally the case when, because of thin layering,
fracturing, or crystal structure, there are some particular directions of travel in which the
elastic-wave velocities will be faster or slower than in other directions of travel, i.e. that
the material is anisotropic. When dealing with anisotropic materials, some very
interesting and often nonintuitive effects are observed in the seismic waves and their
velocities.

One of the effects of seismic anisotropy is the polarization and separation of
transversely polarized or shear waves, a phenomenon called shear-wave splitting or
birefringence. In wave propagation in isotropic elastic media, there are two types of body
waves, longitudinal or compressional (P) and transverse or shear (S), characterized by the
directions of oscillatory particle motion, or polarization, of the waves: longitudinal and
transverse to the direction of wave propagation, respectively. The transverse particle
motion of shear waves in isotropic media lies in a plane perpendicular to the direction of
propagation and so, in general, may be resolved into two components. If these are in
phase, the transverse motion is linear; if not the motion is elliptical.

In anisotropic media, the polarizations are not, in general longitudinal or
transverse to the direction of wave propagation and, because of the differences of elastic
properties with direction, the transverse wave will split into two quasi-shear (qS) waves
with quasi-transverse polarizations which will, in general, propagate at different
velocities. There are then, in general, three waves which propagate through an anisotropic
medium called qP, gSand q$, referring to the quasi-compressional or quasi-P wave
and the fast and slow quasi-shear or quasi-S waves, respectively.

Another interesting effect of anisotropy is that the waves emanating from a point
source are not, in general, spherical. Figure 1.1 shows part of a cross-section of a group-
velocity surface for a qP wave propagating through a medium with cubic symmetry. The
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group velocity,g, is the velocity at which energy travels away from the source, so this
curve also represents the shape of the wavefront of a wave travelling from a point source.
If an observer were standing at the point A, the measured time on a stopwatch between
the instant of the source disturbance and the instant the wave disturbance reached point A
would be the group traveltime. The distance between the source and point A divided by
the group traveltime will yield the group velocity. The group traveltime is defined simply

as the traveltime that will yield a group velocity when divided into the distance between
source and receiver.

>
<

Fic. 1.1 Definitions of group and phase velocities. The phase velocig/the velocity
of the wave normal to the wavefront and the group velagitig, the velocity of
energy transport away from the source.

If the observer standing at the point A did not know the timing or location of the
source, and measured the velocity at which the wave propagated normally to a new
position at a slightly later time, he would measure the phase velocity. The observer in this
case measures a different velocity in a different direction than in the case where the group
traveltime is measured with a stopwatch.

Because the phase velocity is the velocity normal to the wavefront, the easiest
way a measured traveltime will yield a phase velocity is when the propagating waves are



plane waves and the measured traveltimes are divided into the distance the wave has
travelled normal to the plane wavefront. The phase traveltime is then defined as a
traveltime which, when divided into the distance travelled by the wave, yields the phase
velocity.

1.1 Group and phase velocity in laboratory
measurements

In the calculation of stiffnesses from measurements of traveltimes across
anisotropic rock samples, it is important to know whether the distance across the sample
divided by the traveltime yields a phase velocity or a group velocity. In anisotropic
media, the group and phase velocities are, in general, not equal.

As discussed earlier, if we want to measure phase traveltimes, then we measure
the traveltimes of plane waves across a sample and, if group traveltimes are desired,
traveltimes from a point source to a point receiver should be measured. In laboratory
measurements on anisotropic samples, finite-area transducers are used to transmit a signal
across the rock sample; the infinitesimal point source and the infinite plane-wave source
are not possible to create in the real world. If the transducers are large enough compared
to their normal separation, they will transmit and receive plane waves over some large
spatial interval and the traveltimes will yield phase velocities; if the transducers are very
small compared to their separation, they will behave like a point source and a point
receiver and their traveltimes will effectively yield group velocities.

The motivation for investigating the question of group and phase velocities in
laboratory measurement comes from the previous physical-modelling studies done at The
University of Calgary (Cheadle et al. 1991). The question of which of group or phase
traveltimes were measured in the transmission experiments on the industrial laminate,
Phenolic CE, was raised then. Cheadle et al. (1991) assumed that they were measuring
group traveltimes since they measured the elapsed time for energy to travel from the
source transducer to the receiver transducer. On further investigation prompted by
Dellinger's (1992) work, | discovered that most of the measurements were phase
traveltimes and a few of the traveltimes would not directly yield group or phase
velocities.

The topic of group and phase velocities in laboratory measurements on Phenolic
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CE and the criteria for deciding which are actually calculated from the traveltimes, based
on the transducer sizes and separation, are discussed at length in chapter 2.

1.2 Relating velocities to stiffnesses

One of the goals of measuring the velocities of anisotropic materials is to
determine their physical properties. Is the material strong or weak? If the material is
hydrocarbon reservoir rock, is it fractured and is there a preferred orientation of the
fractures? Questions like these can be answered if the elastic parameters, the stiffnesses,
of the material can be calculated. First, the forward problem will be looked at: finding
velocities from stiffnesses.

1.2.1 Velocities from stiffnesses

In order to arrive at a relationship between the elastic properties of a material and
the seismic velocities through the medium (Shuvalov 1981; Beltzer 1988), the relation
used is Hooke’s law:

Gij = Gk & 11
whereo ande are the second-rank stress and strain tensors, respectivelihe fourth-
rank elasticity tensor; the elements ofare called the stiffnessésand there are, in
general, 21 independent parameters that define the stiffnesses of the material. Einstein
summation is implied.
Using F = ma and the definition of strain, Hooke’'s law in terms of the
displacement vectar becomes the differential equation of motion:

PY; = Gijig Yy jk 1.2

wherep is the density of the material. Plane-wave solutions to this equation are of the
form:

u=Af@g); &=t-(nriv=t- (njrj)/v 1.3

IFor reasons unknown to the authois commonly used for stiffness aador compliance, the
inverse of stiffness.



wherev is the phase-velocity magnitude,is the wavefront normal or phase-velocity
direction andA is the polarization vector.

Upon substitution of the appropriate derivatives of the solution into the equation
of motion, the resulting relation is Christoffel’'s equation which relates the phase velocity
and particle motion or polarization to the density and elastic constants:

PV2A, = Cikd A - 1.4

A substitution is made in order to simplify the equation using the second-rank
tensor:
F“ = Cja NNy 15

to give the equation the form:
FA-pVA =0 1.6

which, due to the orthogonality of the polarization components, can be written in terms of
the eigensystem:

(T, - PVPE)A, =0, 1.7

With a solution to this eigensystem (Press et al. 1988), the phase spemuid,
the particle polarizationsA, for the three wave phases, gP,; gid q$, may be
calculated for any given phase-velocity direction from the stiffnesses of the medium.
From here, group velocities may be calculated from the stiffnesses of the material and the
phase velocities. The equation for the group velocity was taken directly from Kendall and
Thomson (1989) who give:

~ _ ajkpiDik
.= QKHEK
Deg 1.8

The symbols in this compact notation are defined as follows:



CijKi

dijkk = —,
. p 1.9

_n.
v 1.10

and

1 Mk M
Djj = gsikﬁjmn(pvr; - 5km)(p—vg - 5|n)-

1.11
Herecy is the stiffness tensap, is the densityn, is thelth component of the wavefront
normal,v is the phase-velocity magnitude, dngis defined in equation 1.6.

With these equations, group velocities and phase velocities may be calculated
from any given set of stiffnesses. These forward-model velocities are used in a numerical
inversion to estimate the stiffnesses of the material from the velocity measurements.

1.2.2 Symmetries

The stiffness tensog;,, has 3 = 81 elements which, because of the symmetries
in the stiffness tensor and thermodymanic considerations (Nye 1957), reduce to 21
independent elastic stiffnesses. The stiffness tensor then is written (Voigt 1910; Nye
1957; Musgrave 1970; Thomsen 1986) as a second-order symmetric Voigt matrix:

Giki — Cmn
where
m =i if i=j,
m=9-(i+j) if i#]
and

n=k if k=1,
n=9-(k+l) if kzl. 1.12
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If there are spatial symmetries in the velocity variation of the material, these 21
independent parameters can be further reduced. In the case of spherical symmetry or
isotropy, for example, the velocity is the same in all directions and there are only two
independent elastic parameters. The other extreme is triclinic symmetry, were there is no
symmetry in the velocities except the trivial symmetry which is & $8thmetry about a
point — the origin. This symmetry indicates that the velocity in one direction is identical
to that in the exact opposite direction. The other symmetry cases that will be discussed
here are cubic, hexagonal, orthorhombic, and monoclinic. The symmetry planes for
media in these symmetry classes are shown in figure 1.2. For further discussion of the
various symmetry classes, see Crampin (1984) or Winterstein (1990).

(a) (b)
Y y
lz z
() (d)

Fic. 1.2 Orientation of symmetry planes for (a) cubic, (b) hexagonal, (c) orthorhombic
and (d) monoclinic media. Modified from Crampin (1984).

Crystals in the cubic symmetry class are optically isotropic, but elastically they
are anisotropic (Helbig 1994). For media displaying cubic symmetry, there are three
independent stiffnesses. The values of these three stiffnaskesndc, appear in the
second-order stiffness matrix as shown:



1.13

Cmnzg
;)

In the case of hexagonal symmetry, also referred to in the elastic case as
transverse isotropy, every plane containing the axis of symmetry is a plane of symmetry
(see figure 1.2b). This implies that the velocities are identical in all horizontal directions.
The five stiffnesses required to define a medium with this symmatry, c, d, and e,
appear in the stiffness matrix in this manner:

QOO T YT
QOO TT
QOO OO0
SO O0OO0OO0OO0O
OO0000O0O
(I P

« = (@a-b) 1.14

OO0 O T
eoleoleoloNeNe)
CQOMmMOOO
ODmWOOOO
X OOOoOOoOo
I o

&l

For orthorhombic symmetry, there are three mutually orthogonal planes of
symmetry (see figure 1.2c). In this symmetry condition, there are nine independent elastic
constants. This gives the following appearance to the second-order stiffness matrix:

1.15

eoloNeNoNoNey
QO O —™mO
oK OO0
O OO00O0o
O O 000
N R I

O
3
1
S&LIEHD

A medium with monoclinic symmetry has only one symmetry plane (see figure
1.2d) and 13 elastic constants as follows:

dn

9

ig 1.16
0 .
ol

nQ
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One can see from equations 1.13 to 1.15 that cubic and hexagonal symmetries are
special cases of orthorhombic symmetry where some of the coefficients of the matrix are
equal or dependent on one or more of the other parameters.

An important thing to note here is that the stiffness matrices shown here have the
orientation of the symmetry axes aligned with the coordinate axes. If we do not know in
advance what the orientation of the symmetry axes are, all 21 elastic constants must be
solved for and then coordinate-system rotations may be applied to the stiffness tensor to
line the coordinate axes up with the axes of symmetry (Arts 1993). This process will
yield the independent stiffnesses and the orientation of the symmetry planes or axes (if

any).

1.3 Inversion from velocities to stiffnesses

The latest numerical inversion methods for calculating the 21 independent elastic
stiffnesses from velocities have been proposed by Jech (1991), Arts et al. (1991) and Arts
(1993). Jech’s (1991) method is a least-squares inversion of qP-wave group velocities for
stiffnesses and Arts’ (1993) method involves a similar type of inversion using gP, qS
and g$ phase velocities to perform a generalized linear inversion (GLI) for stiffnesses.
These two authors use similar linear-inversion techniques (the theory and method used in
the inversion for this thesis are discussed in chapter 3). Other stiffness-determination
procedures have been proposed by Neighbours and Schacher (1967) and Hayes (1969).

Arts (1993) performs his inversion for the stiffnesses of what is referred to as a
general anisotropic medium, meaning a medium were nothing is assumed about the 21
independent elastic stiffnesses. He identifies the major problem with inverting from
group velocities in his discussion as to why he chose to invert from phase velocities. The
group velocities, in general, cannot be calculated directly in a prescribed direction, so an
iterative procedure must be used to find the group velocity in a particular direction.

In Arts’ inversion, which is very similar to the inversion by van Buskirk et al.
(1986), he solves Christoffel's equation (equation 1.4) for the stiffnesses in terms of the
phase velocities, the wavefront normals and the polarizations. He acknowledges,
however, that it is very difficult, if not impossible, to obtain accurate measurements of
polarizations. An iterative procedure is then performed to improve the estimate of the
polarization vectors by minimizing the difference between the phase velocities calculated
from the inverted stiffnesses and the observed phase velocities. This iterative procedure is
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the improvement added by Arts et al. (1991) to the van Buskirk et al. (1986) inversion,
which requires an accurate particle-displacement measurement.

Because his inversion requires phase-velocity observations, Arts (1993) makes
traveltime measurements between large opposing faces of a truncated cube with the
assumption that he can generate plane waves across the sample between the faces. This
limits his measurement of traveltimes to certain directions where faces have been cut into
the sample. The upper limit on the number of observations for the inversion imposed by
his experiment is 27, nine measurements of each of the three wave phaseg, @®).qS

Jech (1991) has overcome the difficulty involved in calculating the group velocity
in a prescribed direction by using an iterative method to find the group velocity given a
particular direction. He uses only gP-wave velocities in his inversion technique, likely
because of the difficulty in finding gS-wave velocities. Jech (1991) says “a problem
arises for quasi-shear [gS] waves, as there is a danger that we may not follow the right
value of the normal [phase] velocity of two quasi-shear waves in regions where the
normal velocity surfaces of two quasi-shear waves intersect.” He goes on to propose that
if one kept track of the particle polarizations during a search for a group velocity, one
could discriminate between the two gS waves. This would not, in general, work because
when two S phase-velocity surfaces intersect, the polarizations usually change
dramatically in any type of anisotropic medium.

Jech’s inversion method is a straighforward GLI which is somewhat similar to the
method outlined in chapter 3 of this thesis. The main difference between the methods is
the use of the gSnd g$ velocities.

In the method proposed in this thesis, a standard least-squares inversion is
employed to find the stiffnesses which yield the best fit to the observed velocities. The
same method is used for the group-velocity inversion as for the phase-velocity inversion,
but there is an additional step involved in finding the group velocity in a prescribed
direction when performing the group-velocity inversion.

No regard is given to the polarization vectors in the inversion developed in this
thesis; they can't effectively be measured and they behave unpredictably at times, so they
are not considered in these inversion procedures. The criterion for establishing which
velocity belongs to which phase is the order of highest to lowest velocity or from first to
last arriving wave phase. The first arriving phase is gP, nextiamgblast arriving wave
phase with the slowest velocity is defined ag qS
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1.4 Laboratory investigations

The laboratory experiments were performed to test the inversion algorithm.
Material used in this physical modelling is Phenolic CE, an industrial laminate. This
material consists of canvas layers which are saturated and bonded together by phenolic
resin. The layers are woven in such a way that the canvas fibers are straight in one
direction whereas the fibers in the direction orthogonal to the straight fibers weave or curl
over and under the straight fibers. There has already been work done on this material
(Brown et al. 1991, 1993; Cheadle et al. 1991) where the material is assumed to have
orthorhombic symmetry.

The symmetry planes are assumed to be oriented with one in the plane of the
layers and two orthogonal to this plane, one parallel to the curly fibers and one parallel to
the straight fibers. The Cartesian coordinate system used here for this materialzhas the
axis normal to the canvas layers, yhaxis in the direction of the straight fibers and xhe
axis in the direction of the curly fibers. TReaxis is the direction of maximum gP-wave
velocity, they axis that of intermediate gP-wave velocity and zfais that of slowest
gP-wave velocity. This is due to the layering and the woven nature of the fabric. When
convenient, spherical coordinates are used @itieing the angle of colatitude measured
from thez axis andd is the angle of azimuth from theaxis.

Since the inversion developed here is general, i.e., assuming no symmetry, the
assumption of orthorhombic symmetry can be investigated. In this investigation, an
inversion for the nine independent orthorhombic stiffnesses is performed and the results
are compared to the general inversion to determine whether or not the inversion
incorporating the assumption of orthorhombic symmetry produces a solution as good as
the inversion for the general anisotropic stiffness tensor.

1.5 Summary

In anisotropic media, group and phase velocities are not, in general, equal. This
difference raises the question of which of group or phase traveltimes are measured in
laboratory experiments. The simple assumption that the time taken for energy to
propagate from a finite source to a finite receiver must be a group traveltime has been
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shown to be invalid (Dellinger 1992). It is important to know just what traveltimes one is
measuring because the difference between group and phase velocities makes a substantial
difference in the process of inverting velocities for stiffnesses of a material.

In chapter 2 the question of group versus phase velocities in lab measurements is
discussed. Using numerical models and the geometry of the experiments done by Cheadle
et al. (1991), a criterion is established to determine which of group or phase traveltimes
are measured.

In order to compare the applicability of the two measurementd group
traveltimes and of phase traveltimeso determining stiffnesses, numerical inversion
processes were developed which calculate stiffnesses from either group or phase
velocities. The development and testing of these inversions are outlined in chapter 3.

Armed with the information about how to measure group and phase traveltimes
from chapter 2 and the inversion routines from chapter 3, laboratory experiments were
designed to acquire group and phase traveltimes through the Phenolic CE and the
inversion programs were tested on laboratory data. Chapter 4 gives the results of these
inversions and a discussion on the assumption that the phenolic material displays
orthorhombic symmetry.
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Chapter 2

Group and Phase Velocities

Physical modelling experiments have been performed by Cheadle et al. (1991) on
the Phenolic CE which was assumed to have orthorhombic symmetry. In such
experiments, transit times across a sample are measured with the goal of calculating
velocities in the material which are then used to calculate the stiffnesses of the material.
The question arises, however, as to whether the velocities determined in the normal way,
i.e. by dividing distance between the transducer faces by traveltime, are group velocities,
phase velocities, or some combination thereof.

Any dynamic effects investigated in this study of the source and receiver
finiteness are only in the transit times. The only important observations that are made are
the elapsed time between the excitation of the source and the first pulse arrival at the
receiver and the distance between source and receiver.

2.1 The discrepancy in laboratory measurements

The question of group versus phase velocities arises from the wave effects due to
the source and receiver transducer sizes (Dellinger 1992). In the case of a plane seismic
wave propagating through a solid, the traveltime measured across the sample in the
direction normal to the wavefront will be the phase velocity. With a wave propagating
from a point source, the group or energy velocity will be measured in any direction away
from that source using a point receiver. With the finite transducer source and receiver that
is used in physical modelling work, there will be some portion of the wavefront that is
flat like a plane wave (Musgrave 1959) and the rest of the wave surface will be in the
shape of the group-velocity surface.

The orthorhombic medium has, by definition, three mutually perpendicular axes
of symmetry. There is symmetry under any rotation of°l&@fbut a symmetry axis, i.e.
two-fold symmetry. In these symmetry directions, which were chosen for three of the six
measurement directions, the group and phase velocities are equal.

Figure 2.1 shows an example of the difference between group and phase velocity
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in terms of the propagation of the wavefront in an anisotropic medium. The diagram
shows two wavefronts in space that are separated by unit time. The distance that the
wavefront has travelled in unit time along a particular ray emanating from the source is
labelled g, for group velocity. The normal distance between the two wavefronts is
labelledy, for phase velocity.

Fic. 2.1 Two wavefronts separated by unit time. The distanmaasdg travelled during
that unit time represent the phase and group velocities, respectively.

receiver
transducer

e

source
transducer

Fic. 2.2 Group and phase velocities of a wave propagating through the orthorhombic
Phenolic CE. The white vector, labellgtl represents normal distance travelled
by the wave moving at the phase or normal velocity in tinwbereag) is the
corresponding group or energy velocity ajds the corresponding distance of
energy transport from the source in the same time
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Figure 2.2 shows a plot of the wave propagating away from a relatively large
source transducer. The group-velocity vector, labelled hegerapresents the velocity of
energy transport outward from the source. The vectarwhite is the phase or normal
velocity vector and shows the velocity of the plane wave across the sample in the
direction normal to the wavefront. In this example the source and receiver diameters are 4
cm and the distance between the centres of their faces is 14 cm. This sideslip effect has
been demonstrated in laboratory experiments by Markam (1957).

It can be seen for this sample (figure 2.2) that the transit time recorded and the
normal separation measured will yield phase velocity across the sample. That is, the first
pulse arriving at the receiver will be from the plane-wave portion of the wavefront. If the
receiver transducer had been located a bit to the left so that the line joining the centres of
the source and receiver transducers were in the directign tbe transit time would
represent the group velocity.

Vectorstg()

Fic. 2.3 The wavefront as represented by the group-velocity sugfgrenultiplied by
the traveltimet. Note that the grey areas, the regions outside the plane-wave
portion of the wavefront, are first arrivals from the edges of the transducer.

Figure 2.3 shows a schematic of a wavefront as the group-velocity surface
multiplied by the traveltimé The grey areas of the wavefront in this figure represent the
leading edge of the low-amplitude region of figure 2.2. The grey regions come from the
edges of the transducer, as seen in the distribution of group-velocity vectors in figure 2.3.
The bolder vectors that show the travel of the plane-wave portion of the wavefront are
parallel and there is a high concentration of energy in this plane-wave portion since there
is no geometrical spreading in the propagation of a plane wave. One can see from this
geometry that if the traveltime is measured by observing the arrival of the grey area of
this wavefront, the raypath used when calculating the group velocity cannot be assumed
to be a line between the centres of the transducers.
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2.2 Numerical modelling method

In a numerical investigation of the measurements made on the phenolic block, the
wavefield is calculated in the same way as in figure 2.2 in order to determine what sort of
velocity is obtained from the division of transducer separation by traveltime. When
calculating the position of the wavefront emanating from the transducer, the transducer is
divided up into small discrete elements; a wavefront is calculated for each element and
these are then summed over the source transducer.

In acquiring the wavefront for each element, the group- or ray-velocity surface is
calculated. The wavefront is then assumed as the group-velocity surface scaled by the
traveltime. Using the ray-velocity surface as the wavefront is called the ray
approximation and is valid as a far-field approximation in homogeneous media. In order
to derive the group-velocity surface, Christoffel’s equation is solved for the phase
velocity. This equation is an eigensystem of the form

FA = pV2A. 2.1

The tensofl is real and symmetric, thereby giving real and positive eigenvalues which
are equal to the density times the square of the phase velpelly énd the eigenvectors
are the respective polarization vectérd” is defined as a function of the elastic constants
(stiffnesses) of the materiahk', and the unit wavefront-normal vectuoras follows:

M = Cijia ™5 2.2

ijk!=1,23.

Once the phase-velocity surface is known, widssthe magnitude anal defines
the direction of the phase-velocity vector, the group-velocity surface can be derived.
Since the traveltime measurements for the purpose of deriving the elastic constants are
performed in assumed symmetry planes, the angle between group and phase velocity is
confined to that plane. The two-dimensional relationship between the group vedocity,
and phase velocity, in symmetry planes is given by many authors (e.g. Postma 1955;
Brown et al., 1991; Dellinger 1991) as
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9=\ + (@)2
06/ 2.3

whereb is the angle of the phase vectan a symmetry plane. The group angién this
plane is given by:

¢@= 0 + arctan

(9 v/ae)]_
v 2.4

In the computer program written for this study, the group-velocity surface is
calculated once and then that surface is added into the data grid for each element of the
source. Geometrical spreading of the amplitude is approximated by the inverse of the
distance travelled along a given raypath. The resulting wavefront is convolved with a
Ricker wavelet with a dominant frequency of approximately 600 kHz, which is the
dominant frequency of the transducers used in the laboratory experiments on the
orthorhombic medium. The transducers were sized at 12.6 mm in diameter, the phenolic
cube was assumed 10 cm across each side and 11.55 cm across the diagonal directions
between bevelled edges. The elastic constants, density of the material, geometry of the
experiment and the frequency of the ultrasonic waves were all taken from the Cheadle et
al. (1991) paper.

The resulting plots are of a wavefront in the plane of symmetry that has travelled
roughly 98% of the distance from source to receiver in the quasi-compressional (gP) and
quasi-shear (qSand q$) cases. The same elapsed time was used foaa® q$. From
here it can be interpreted whether or not the traveltime recorded between source and
receiver represents the group or the phase velocity across the sample. The program also
calculates the angle between the group velocity and the direct path between source and
receiver that is normal to both transducer faces in these experiments.

2.3 Modelling results

2.3.1 Model plots
Plots have been generated for gP; gid q% waves for six propagation

directions in the sample, that is, along each symmetry axis and along the three diagonal



18

directions in symmetry planes at °4%rom the symmetry axes. For example, the
measurement direction between th@ndy axes at 45to each axis is referred to as the
direction. In this study, thg vy, z, yz, zx andxy directions correspond to the 1, 2, 3, 4, 5
and 6 directions of Cheadle et al. (1991).

Figure 2.4 shows a triad of plots for the more straightforward case, which is the
measurement along a symmetry axis. These plots are cross-sectiongxmpldree with
the x axis running vertically between source and receiver. In these plots, where the
measurement of seismic wave propagation is along a symmetry axis, the group and phase
velocities are equivalent, as mentioned earlier. The question of whether group or phase
velocity — or neither— is being determined arises when the experiment is carried out in
the off-symmetry directions.

qP as asS,

Fic. 2.4 Three wave types propagating alongxta&is: an axis of symmetry.

An interesting example of the off-symmetry measurement is the wave propagation
in thezxplane. Thex andz axes are the directions of highest and lowest qP-wave velocity
so this symmetry plane displays the greatest gP-wave anisotropy. Figure 2.5 shows the
wavefront plot triad for the measurement in zix@irection.

It can be seen here (figure 2.5) that the group and phase velocities are not
equivalent in this measurement direction. The flat plane-wave portion of the wavefront
for the gP wave is moving to the left, just as was seen in figure 2.2. The difference
between this wavefront and that in figure 2.2 is caused by the difference in the size of the
transducers. Here (figure 2.5) the transducers are 12.6 mm in diameter which is
significantly smaller than the 40-mm diameter transducers that are used in figure 2.2.
Using this smaller transducer, it appears that the plane-wave portion of the wavefront
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does not hit the receiver transducer. One can conclude from figure 2.5 that, to determine
the qP-wave group velocity, the correct distance of travel to be used is the distance from
the right edge of the source to the left edge of the receiver.

e — pr—
X VA
qP as as,
Fic. 2.5 Wave propagation in tiex plane. Coordinate axes are shown in the gP-wave
plot.

In the gS-wave cases, there is less anisotropy observed than in the gP-wave cases
and it appears that the phase velocity will be measured for these polarizations in this
measurement direction. The plane-wave portion of the wavefront will be observed as the
first impulse at the receiver transducer and therefore the distance across the sample
divided by the observed traveltime will yield the correct phase velocity.

For theyz plane (figure 2.6), the observable anisotropy is a little smaller than
appears in thex plane. Thez direction is normal to the layers of fabric and is the
direction with the lowest gP velocity, 2925 m/s, substantially lower than the qP velocity
in either thex ory direction, 3576 m/s and 3365 m/s respectively. The degree of P-wave
anisotropy in theyzplane is 15%, which is less than the 22% P-wave anisotropy imxthe
plane.

Figure 2.6 shows that there will be a phase velocity measured for bptAndS
gS; and possibly a group velocity for the gP wave inythplane. However, there is some
guestion as to which of group or phase velocity will be measured for the gP. The edge of
the plane-wave portion may be observed at the receiver. Is there a region on the
wavefront for which neither group nor phase velocity is measured? The answer to this
would be yes if we always used the distance between centres of transducer faces in
calculating velocity, without thinking any further, but this is not necessary. Group
velocity can always be calculated from the measured traveltime, even with finite
transducers: there is, however, an uncertainty in the length of the raypath which has to be
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resolved. This will be further discussed below using geometrical arguments.

i
qP as,

a3
Fic. 2.6 Wave propagation in the plane. The coordinate axes are shown in the qP-
wave plot.

What can be concluded from these plots is that the quasi-shear-wave
measurements will directly yield a phase velocity and the gqP-wave measurement will
likely give a group velocity.

.
qP as

Fic. 2.7 Wave propagation in they plane. The coordinate axes are shown in the gP-
wave plot.

9S

The last diagonal measurement is inxlig@lane where the velocity anisotropy is
caused by the nature of the woven fabric. The least gP-wave anisotropy is observed in
this plane where the difference between gqP-wave velocities is only 6%. From the plots of
the wavefronts propagating in this symmetry plane (figure 2.7), it can be assumed that the
measured traveltime across the sample represents the phase velocity. In each case, there
will be an arrival of the plane-wave portion of the wavefront at some part of the receiver.
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Note that in this plane, the shear-wave splitting is relatively large as shown by the
difference in the distance travelled by the two wave types. In this case, 4his qS
polarized in a direction near the vertical, or close tozth@ection which is the slowest
gP-wave direction in this sample.

From the plots of the wavefronts in the sample of Phenolic CE, it has been
observed that in most cases the phase velocity has been measured. The exceptions occur
when there is a large velocity anisotropy, as with the gP-wave measuremengrarice
yz directions. In this case the traveltime measurement may be indicative of a group
velocity. If a medium displayed more pronounced anisotropy than what has been
observed here, then one could be confident that these measurements would, indeed, yield
group velocity.

2.3.2 Geometry of the experiment

One other form of output from this analysis is the angle between the group- and
phase-velocity vectors. This is also the angle between the group-velocity vector and the
normal to the transducer faces. This angle will indicate where the edge of the plane-wave
portion of the wavefront is.

(@) 0 < Db—>
A
/ \
t=3
0
\tzz vt gt A
- ,\\tzl
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Fic. 2.8 The geometric model for the phase-velocity measurement limit. (a) Group-
velocity surfaces at progressive unit time steps (time units arbitrary). The curved
portions of the wavefronts beyond the planar segments are shown in grey.
(b) Geometry of this limiting case with the graphical definition of the
maximum group-minus-phase ang|g.
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Consider a seismic wave propagating from a source transducer in a symmetry
plane in a direction such that the angle between the group- and phase-velocity vectors,

0=0¢-6, 25

is equal tod,, Figure 2.8a shows a wavefront propagating from the transducer at the
bottom of the figure and the associated plane phases. The plane phases and the plane-
wave portion of the wavefront are in black. Figure 2.8b defines the @pglas the
maximum angle between the group and phase velocities where there will be some plane-
wave observed at the receiver. From the geometry of the figure, this maximum angle is
given by:

transducer diameter

Om = arctan height of sample | 26

It is apparent from this illustration that, whénis greater tham,, none of the
planar wavefront portion will be observed at the receiver. Rather, the receiver in this case
will be illuminated only by the curved grey area of the wavefront (figure 2.8a) which is a
group-velocity surface. This grey portion of the wavefront to the right of the black plane-
wave portion comes from the right-hand edge of the source transducer which, when
considering the first arrival of energy, behaves like a point source. A group velocity is
clearly measured in this case. The raypath isin@igure 2.8b), the distance between the
faces of the transducers, butgts the oblique raypath from the right edge of the source
transducer to the left edge of the receiver transducer.

Once the angl® becomes greater thdg, the measured traveltime is no longer
indicative of the phase velocity. In this case, the velocity, if determined by dividing the
normal transducer separation by the traveltime, will be something between phase and
group velocity, as indicated by Dellinger (1992). But if one is able to determine the actual
distance travelled in the oblique ray or group direction, one will be able to calculate the
group velocity. The maximum such distance, correspondidgtd,, will be

\/D?+ H? .
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Therefore, the maximum differencag between this and the normal separation will be

- D2+ H2 -
e= D°+H H. 27

One can see from this equation that for large samples and small transducers, this
pathlength difference goes to zero and, in effect, a group traveltime will always be
measured without worry of transducer effects. The maximum error in the raypath length
for the experimental geometry used in this stgdy,0.7 mm, is fairly small compared to
the size of the 115.5 mm sample.

Table 2.1 shows the angde group-minus-phase angle, for each measurement in
the experiment. Additional data in this table are the percentage differences between the
group and phase velocities. This table shows that there is very little difference in the
magnitudes of the group and phase velocities in the off-symmetry directions of this
medium; there is a maximum near 2% for the qP wave imxteection.

Using equation 2.69,, is calculated as 6.22for H = 1155 mm and
D = 12.6 mm. The only waves for whiéh> d,, are the qP waves measured in #xe
andyzdirections. From the analysis of the plots, it was determined that all but these two
wave measurements would be measuring phase velocity. This geometrical analysis is fast
and simple and appears to agree with the conclusions made from the interpretation of the
wavefront plots.

Xy direction zx direction yz direction

angle | %difference | angle | %difference | angle | %difference
gP 411 0.257% | 11.63 2.053% | 8.49 1.096%
gS1| 0.63 0.006% | 0.57 0.005%| 0.98 0.015%
gS2 | 1.65 0.041%| 2.62 0.105%| 0.68 0.007%
TaBLE 2.1 Table of the angle between the group- and phase-velocity vectors (in degrees)

for the three off-axis directions. Théc"difference” figure is a measure of
the difference between the magnitudes of the group and phase velocities.

Wave
Type

Cheadle et al. (1991, p 1608) calculated the phase d&hdlem which the angle
d may be calculated. With this information and equation 2.6, which gjyas a function
of the experimental geometry, this geometrical analysis could have been applied to
determine whether group or phase velocities were measured by comparing calzulated
values withd .
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An important conclusion may be drawn from this geometrical analysis of the
propagation of the wavefront. For elastic-property determination, it is desirable to
measure phase velocity between the source and receiver. If large source and receiver
transducers are used, then the experimentalist can be confident that it is, indeed, a
traveltime that will yield the phase velocity in the normal direction between transducer
faces. With relatively small finite-area source and receiver transducers, there will always
be some uncertainty, not only in the distance that the wave has travelled at the group
velocity, but also in the calculated group-velocity direction. In measuring properties of
anisotropic materials where the seismic velocities change with direction, this directional
error may be significant.

2.4 Conclusions from the numerical modelling study

From the interpretation of wavefront plots based on a ray model and from
geometrical arguments it has been shown that, for most cases in the off-symmetry
directions, Cheadle et al. (1991) have measured phase velocity in the orthorhombic
medium. The effects caused by assuming group velocity were seen to be relatively small
in that the difference between group and phase velocity of this medium is 2% or less.

A geometrical argument defined a maximum angle between group and phase
velocity vectors for which the phase traveltime can be observed. In this case, the
geometrical analysis yielded the same results with regard to the question of group or
phase velocities as did the modelling study. This geometric method is a fast and easy way
to determine which velocity type may be directly calculated from the traveltimes.
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Chapter 3

From Group or Phase Velocities to the
General Anisotropic Stiffness Tensor

The numerical scheme for inverting for the stiffness tensor used here is general in
the sense that there is no assumption made of the symmetry class of the medium or the
orientation of the symmetry axes. From group-velocity traveltime measurements of gqP,
gS; and g% waves the stiffnesses for the medium are estimated using a generalized linear
inversion (GLI).

The difference between this numerical scheme and others recently proposed (Jech
1991; Arts 1993) is that the stiffnesses are calculated based on the traveltimes and are
independent of the particle polarization directions, which can be difficult to measure and
which can vary rapidly in even mildly anisotropic media. Also, like Jech’s (1991)
method, this method has the additional complication of using the group velocities in the
inversion.

As shown in chapter 2, some laboratory measurements yield group velocities and
others yield phase velocities. The velocities calculated from VSP surveys are also group
velocities. This inversion from either group or phase velocities is specifically designed
for the inversion of laboratory-measured group traveltimes and may be useful in the case
of the multicomponent VSP survey where there are ray-velocity measurements at a broad
range of angles through, for example, a fractured reservoir.

3.1 Method for calculating group velocities

With a given set of stiffnesses the magnitude of the group or ray velocity cannot
be explicitly calculated in a particular direction. On the other hand, given the stiffnesses
and a wave normal, the phase velocity may be calculated analytically. With this phase-
velocity information, the group velocity associated with that particular phase velocity
may be calculated. The group velocity does not, in general, lie in the same direction as
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the wave normal or the phase-velocity direction, as shown in chapters 1 and 2. The group
velocity is dependent on the phase-velocity magnitudand the phase-velocity direction

or wavefront normal vecton, from equations 1.8 and 1.10. If the group velocity is to be
calculated in a prescribed direction, a search must be performed to find a phase-velocity
vector which will yield a group velocity in the desired direction.

This is the first task performed by the least-squares inversion method. In the
search for a group velocity in the prescribed direction, a guess is made for the phase-
velocity direction, in the spherical coordina@gcolatitude relative to the axis) and®d
(azimuth relative to thg axis) associated with the desired group-velocity direction. In the
first-order approximation, the observed group-velocity ve@®?S and the calculated
group-velocity vectorgealc from the guesse® and® are related by:

o] o]
obs _  calc -l + 2 AD
g 97 * 5029 * 50 % 3.1

In this equation, the only unknowns @® andA®, the errors in th® and ® estimates.
The partial derivatives are calculated numerically.
If matrix notation is used, such that

Ox 90«
E@gbs - gﬁalc Q [e) GCDE A6
N — obs _ Hcalc ~ gy 09 A —
9=y~ 0 "0 4= g 50 andd =[],
obs _ gcalc 0 g, 09,
z z o ool 3.2
then we get an equation in the form:
3y = GA 3.3

which has a solution in the standard least-squares form (Twomey, 1977) given by

A=[aTd]"a" 5g. 3.4

Once values foA® and A® are estimated using this technique, they are then
added to the initial guesses and the process is repeated. The iterations continue until a
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group velocity is calculated in a direction within some allowable deviation from the
desired direction or the changes in the an@eand® decrease to within an acceptable
tolerance level.

In performing this least-squares inversion, group velocitie®¢, are calculated
using Kendall and Thomson’s (1989) equation (equation 1.9) and the stiffnesses and
density of the material.

Because of the unpredictable behaviour of the polarizations of the different wave
phases, the decision as to which wave phase is associated with a particular velocity is
made using the which-came-first criterion. The wave with the highest velocity is assumed
to be the gP, the second fastest phase is considered,tl@d|Be slowest wave phase
will then be the g

The only problem with this method is in the difficulty in finding a solution close
to a shear-wave singularity. At a point singularity or conical point (see Brown et al.
1993), the first derivative of the velocity with respecti@r © is discontinuous, which
can make searching around these point singularities unstable. Near singularities or other
problem areas on the wave surface where this search method fails, the program switches
into a recursive random search in an attempt to find the appropriate group velocity.

Computationally intensive and limited in accuracy, this method pays no attention
to the shape of the surface and can get the search algorithm within a degree or two from
the desired group direction. The routine calculates 500 points chosen in a Gaussian
distribution around an initial-guess direction. The point with a group-velocity direction
closest to the desired direction is taken as the new mean and the standard deviation of the
Gaussian-distributed random search is decreased by a factor of five and the search starts
over. This process continues until a solution is found or there is little improvement.

In most cases, the GLI method will converge if the random search can get close
enough to the desired group direction. Occasionally the GLI will still diverge and the
program has to settle for a group velocity that is usually in a direction less “tHigoml
the desired direction.

3.2 Method for calculating stiffnesses

3.2.1 Stiffnesses from group velocities
The previous application of this linear-inversion technique was merely to
calculate a group-velocity vector in a prescribed direction. In the inversion for the
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stiffnesses, the approach taken is similar to the method used in calculating the group
velocity.

It is similar because the problem is essentially the same. The goal is to minimize
the difference between the observed group velocities and the calculated group velocities.
The relationship between thigh observed group-velocity magnitude and fihle
calculated group-velocity magnitude is:

09
bs _ al
g = goc + a_C'jACj 35

whereC; is thejth independent stiffnesg, = 1, 21. Using the matrix notation:

5 = g™ - g, aj = 03 andy = 4G, 3.6
oC;

the difference between the observed and calculated group velocities can be expressed in
an equation of the same form as equation 3.4:

This is a similar mathematical problem as in section 3.1, except that nay¢ahe
and g;°bs are theith magnitudes of the calculated and observed group velocities,
respectively, instead of th#h components of a group-velocity vector as defined in
equation 3.2. Also, the variables that are to be obtained by the inversion are the
stiffnesses and not the phase angles or wave normals associated with a desired group-
velocity direction. Another difference between the problems is that this inversion is
attempting to solve for 21 independent parameters instead of two. Since we are now
solving for many more variables, 21 instead of two, there may be some instability in the
solution. To stabilize the inversion process, a small scalar quantisyadded to the
diagonals of the matrix to be inverted in order to dampen the solutions. This damping
factor is added into equation 3.4 to give

A=[a"a+M]"a" 5g. 3.7
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Because of all of the numerical calculation of derivatives and the numerical
inversion of a large matrix, this operation is computationally fairly cumbersome. What
makes this process extremely computer-intensive is the inversion used to calculate the
group velocity at a prescribed direction every time a group velocity or a derivative of the
group velocity with respect to a stiffness parameter needs to be calculated.

3.2.2 Stiffnesses from phase velocities

The method discussed here for calculating the 21 independent stiffnesses is a
least-squares inversion for stiffnesses from group velocities. In the case where phase
velocities are measured, like in the experiments done at the Institut Francais du Pétrole
(Arts, 1993), the same scheme is utilized for the inversion. The exception is that the
phase velocities may be calculated directly so the effort and computer time involved in
finding a velocity in the appropriate direction is not required.

The calculation of stiffnesses from phase velocities works like the same
calculation from group velocities outlined in section 3.2.1. The only change required in
the algorithm is the substitution of the phase-velocity magniude the group-velocity
magnitudeg in equation 3.7. After the appropriate substitutions are made, this equation
for the corrections to the stiffnesses becomes

A=[a"a+A]"a o 3.8
where
— ,,0bs alc _ Ovi —
ovi = v = vEC q; = o andA; = AG;. 3.9
I

This inversion is 200 to 500 times faster than the same inversion from group
velocities due to the absence of the search for a group velocity at each step of the
program. Also, these calculations are able to yield a more numerically accurate result
because the velocities are calculated directly and exactly instead of being estimated from
a least-squares inversion. An additional bonus in this method is that there are no
limitations in the calculation of velocities even at or near singularities, where there can be
problems when calculating the group velocity in a prescribed direction.
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3.2.3 Error analysis

In performing the inversion, it is desirable to know how well the velocities that
are calculated from the stiffnesses match the observed velocities, i.e. how well the model
fits the data. A statistical velocity error is defined to quantify the goodness of fit. Also,
once a set of stiffnesses is determined, a statistical estimate of the uncertainty in each
stiffness will need to be calculated.

The velocity error for each iteration is simply defined here as the standard
deviation between the measured and calculated veloatieshich, modified from
Kanasewich (1985), is

_ 1 -T-__.TNT_.
0_\/—N—(M+1)(6g og Aaég), 210

whereN is the number of measurements aids the number of model parameters that
are to be solved for;M = 21 in this general case.

Once the standard deviation has been calculated for the experimental
observations, the uncertainties for the calculated model parameters, in this case
stiffnesses, are calculated from the diagonal elements of the covariance nm@yix,
which is defined (Jenkins and Watts, 1968; Kanasewich, 1985) as:

Cu =[a"d] o 3.11

Each diagonal element of the covariance matrix is the variance of the respective inverted
stiffness. By assuming a near-Gaussian distribution of error, the square root of each
variance is used as an estimate of the uncertainty in the respective stiffness.

3.3 Numerical testing of the algorithm

Numerical forward models generated for materials with known stiffnesses were
used to test the algorithm and find its limitations. Tests were performed on both the
group- and phase-velocity inversions using velocities calculated from stiffnesses from the
orthorhombic industrial laminate used in the experiments of Brown et al. (1993) shown
here in table 3.1.
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Forward model stiffnesses (GPa)

n=1 n=2 n=3 n=4 n=5 n=6

m=1| 17.521| 7.220| 6.608| 0.000| 0.000| 0.000
m=2| 7.220| 15.777| 6.196| 0.000| 0.000| 0.000
m=3| 6.608| 6.196| 11.750| 0.000| 0.000| 0.000
m=4| 0.000| 0.000/ 0.000| 3.127| 0.000| 0.000
m=5| 0.000| 0.000/ 0.000| 0.000| 3.483| 0.000
m=6| 0.000| 0.000/ 0.000| 0.000| 0.000| 3.804

TaBLE 3.1 Stiffnesses used in calculating numerical velocity models for inversion testing.

3.3.1 Phase-velocity inversion

The testing starts with the simplest case, the inversion from phase velocities. The
numerical-model phase-velocity data were generated on a grid of azimuths and
colatitudes with a 45grid spacing. For the inversion, the damping fadtas 104 GPa

and is decreased by 50% for each successive iteration. It took 13 iterations to arrive at a
solution accurate t%0.001 GPa.
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Fic. 3.1 Plots of the velocity error from the phase-velocity inversion. (a) Velocity error

versus number of iteration. (b) Iggof the velocity error versus number of
iteration.

Figure 3.1 shows graphs (Wessel and Smith 1991) of the velocity error over the
course of the inversion process. Figure 3.1b, a logarithmic plot, shows an approximately
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straight line with a negative slope which further supports the interpretation that the linear-
scaled curve (figure 3.1a) is an exponential-decay curve. Since the error decays
exponentially, it takes relatively few iterations to get close to a solution and several more
iterations to get a solution with acceptable accuracy. The problem of deciding when to
stop iterating and accept the current solution will be more predominant when dealing with
laboratory data that contain experimental errors.

Stiffnesses at the 3rd iteration (GPa) Error in the stiffnesses (GPa)

(a) n=1 n=2 n=3 n=4 n=5 n=6 n=1 n=2 n=3 n=4 n=5 n=6

m=1| 16.19 6.42 6.48 0.30 0.05 0.13 0.54 0.52 0.48 0.48 0.42 0.46
m=2 6.42| 15.16 6.19 0.19 0.10| -0.08 0.52 0.53 0.45 0.42 0.48 0.47
m=3 6.48 6.19| 1261, -0.22| -0.03| -0.16 0.48 0.45 0.46 0.41 0.39 0.37
m=4 0.30 0.19| -0.22 3.11 0.08 0.06 0.48 0.42 0.41 0.23 0.18 0.26
m=5 0.05 0.10| -0.03 0.08 3.50| -0.02 0.42 0.48 0.39 0.18 0.23 0.27
m=6 0.13| -0.08| -0.16 0.06| -0.02 4.00 0.46 0.47 0.37 0.26 0.27 0.22

(b) n=1 n=2 n=3 n=4 n=5 n=6 n=1 n=2 n=3 n=4 n=5 n=6

m=1|17.521| 7.220| 6.608| 0.000f 0.000, 0.001| 0.0001| 0.0001| 0.0001| 0.0001| 0.0001 | 0.0003
m=2 7.220| 15.777| 6.196|, 0.000| 0.000| -0.001| 0.0001| 0.0001| 0.0001| 0.0001| 0.0001 | 0.0003
m=3 6.608| 6.196| 11.750| 0.000| 0.000| 0.000| 0.0001| 0.0001| 0.0001| 0.0001| 0.0001 | 0.0001
m=4 0.000| 0.000| 0.000| 3.127| 0.000| 0.000| 0.0001| 0.0001| 0.0001| 0.0000| 0.0000 | 0.0000
m=5| 0.000| 0.000| 0.000| 0.000| 3.483| 0.000| 0.0001| 0.0001| 0.0001| 0.0000| 0.0000 | 0.0000
m=6 | 0.001| -0.001| 0.000| 0.000| 0.000| 3.804| 0.0003| 0.0003| 0.0001| 0.0000| 0.0000 | 0.0000

Final inverted stiffnesses (GPa) Error in the stiffnesses (GPa)

TaBLE 3.2 Stiffnesses (a) after 3 iterations of the phase-velocity inversion and (b) the
final inverted stiffnesses with their respective error estimates.

Table 3.2a shows the stiffnesses resulting from the third iteration of the inversion
process with an error estimate for each respective stiffness. At this iteration, the velocity
error is 81 m/s, 3.5% of the average velocity. The mean stiffnesses error, however, is 15%
of the average stiffness. From this example, which shows the sensitivity of the stiffness
error to the error in velocities, it is evident that accurate velocity measurements are
important if reasonable stiffnesses are to be calculated.

Table 3.2b shows the stiffnesses after 13 iterations where the inversion is assumed
to have converged. The stiffnesses are almost exactly the same as the input model
stiffnesses (table 3.1).

3.3.2 Group-velocity inversion
The testing of the group-velocity inversion is approached in a similar manner but,
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since this algorithm is more complicated than the phase-velocity inversion and the
velocity calculation is not exact, the expectations for the performance of this inversion
will be different than for the phase-velocity inversion.

The forward-model group velocities were calculated using the same stiffnesses
and data grid as were used for the test of the inversion from phase velocities. Again, an
attempt is made to minimize the velocity error defined in equation 3.10.
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Fic. 3.2 Plots of the velocity error from the group-velocity inversion. (a) Velocity error
versus number of iteration. (b) Iggof the velocity error versus number of
iteration.

Final inverted stiffnesses (GPa) Error in the stiffnesses (GPa)

n=1 n=2 n=3 n=4 | n=5 n=6 n=1 n=2 n=3 n=4 n=5 n=6

m=1| 17.522| 7.220| 6.609| 0.000| 0.000| 0.000| 0.001| 0.001| 0.001| 0.002| 0.001| 0.001
m=2| 7.220| 15.777| 6.197| 0.000| 0.001| 0.000| 0.001| 0.001| 0.001| 0.004| 0.003| 0.001
m=3| 6.609| 6.197| 11.751| 0.000| 0.000| 0.000| 0.001| 0.001| 0.001| 0.002| 0.001| 0.000
m=4| 0.000| 0.000| 0.000| 3.127| 0.000| 0.000| 0.002| 0.004| 0.002| 0.001| 0.000| 0.002
m=5| 0.000| 0.001| 0.000| 0.000| 3.484| 0.000| 0.001| 0.003| 0.001| 0.000| 0.001| 0.001
m=6| 0.000| 0.000| 0.000| 0.000| 0.000| 3.804| 0.001| 0.001| 0.000| 0.002| 0.001| 0.000

TaBLE 3.3 Stiffnesses from the group-velocity inversion and their respective error
estimates.

Figure 3.2 shows the convergence of the algorithm to a solution where the
velocity error becomes negligible. It took only 10 iterations for the changes in stiffnesses
from one iteration to the next to become so small that the program stopped. In figure 3.2b
one can see that as the algorithm approached a solution, the drop in error is no longer an
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exponential-decay curve as the accuracy limit of this method is reached. The velocity
errors after the ninth and tenth iterations are 0.15 and 0.14 m/s, respectively, making an
improvement much less than the 40% improvement in error per iteration that most of the
earlier iterations yielded. This diminishing improvement per iteration confirms the
algorithm’s decision to stop iterating and assume that it has converged on a solution.

The inverted stiffnesses from this group-velocity inversion are listed in table 3.3.
The resulting stiffnesses are very close to the input model stiffnesses and the differences
between the computed and model parameters are well within the range of the estimated
error.

3.4 Conclusions

A method has been developed to calculate the twenty-one independent elastic
stiffnesses from either group or phase velocities. This method is general in the sense that
it requires no prior knowledge of the symmetry class of the medium and no prior
knowledge of the polarization of the individual wave phases. The which-came-first
criterion is used to decide which velocity is associated with a particular wave phase in the
sense that the gP is the first or primary phase, thésotBe secondary phase and the qS
is the third phase.

An additional inversion step is necessary for the group-velocity inversion since
the group velocity cannot be directly calculated in a prescribed direction. This search for
a group velocity adds computational complexity and decreases the accuracy of the
inversion. Even though the group-velocity inversion is not as robust or as accurate as the
phase-velocity inversion, the inversion of the numerical-model data yielded stiffnesses
nearly identical to the input model stiffnesses.

Both inversions converged quickly and yielded very accurate results when applied
to numerical-model velocities. Now we can look at how the inversion method performs in
the real world of laboratory data.



35

Chapter 4

Application of the Inversion to
Laboratory Measurements

Two experiments were performed to obtain each of phase and group velocities for
the two methods of inversion for material properties. Velocity data were acquired in each
experiment for all three wave phases, gP;, g®d g$, in Phenolic CE, the industrial
laminate described in Chapter 1.

The first experiment, designed for the acquisition of phase velocities, involved the
measurement of traveltimes between large transducers on flat parallel faces of a small
(9.6 cm) bevelled cube of phenolic. Nine measurements were made on the 18-sided block
for each wave phase yielding 27 velocity measurements for input into the inversion.

Group velocities were calculated from the traveltimes of the second experiment
which involved smaller transducers transmitting ultrasonic waves through a larger (23-cm
diameter) sphere of the industrial laminate. Traveltimes were acquired on the sphere with
transducers at antipodes. Measurements were madé apaéing along lines of equal
azimuth which were spaced 48part, so that data were collected in yaglane, thezx
plane and in a plane bisecting the angle betweenzla@dzx planes. The resulting 105
data points were used for the inversion from group velocity to stiffnesses.

4.1 Phase-velocity measurements

Figure 4.1 shows photographs of the cube with the bevelled edges and the large
transducers used in the experiment. The measurements of traveltimes were across the
sample between opposite faces which are approximately parallel. The 18 faces of the
cube enabled the experimenters to make nine such traveltime measurements for each
wave phase, including three in the principal-axis directions and six measurements at
angles bisecting each axis pair.

When designing this experiment, large transducers were chosen to try to ensure
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that phase traveltimes would be measured across the sample. The shear-wave transducers
have a diameter of 3.8 cm and the compressional-wave transducers are 5 cm in diameter.
The gP sources and receivers cannot be considered to be this large, however, because the
faces on the sample are only 4 cm across. The maximum group-minus-phasé angle,

that allows determination of phase velocity (equation 2.6) is 2dr@S waves and 22.6

for qP waves, if phase velocities are to be acquired. It was shown in chapter 2 (table 2.1)
that the largest angle between the group- and phase-velocity vectors “isfdr1this

medium which is close to half @&, so there should be no doubt that the measured
traveltimes are phase traveltimes.

(@) (b)

Fic.4.1 (a) Bevelled cube of Phenolic CE. (b) The large transducers used to obtain
phase traveltimes.

Traveltimes were measured as the time elapsed between pulse initiation and the
arrival of the first discernible energy in the waveform on the oscilloscope. The time is
determined to three significant figures, the first arrivals being picked to the neanest 0.1
with an uncertainty in the pick of arourfl.5us. The distances have an uncertainty of a
few tenths of a millimeter because of the thin layer of coupling agent between the
transducers and the cube. The uncertainty in the calculated laboratory velocities based on
uncertainties in distance and time measurements is estimai@&mat

The algorithm was applied to the velocity data and the inversion converged at a
velocity error (defined by equation 3.10) of 18.0 m/s, less than 1% of the average velocity
which is well within the estimated experimental uncertainty+2%. The resulting
stiffnesses and their statistical uncertainties are listed in table 4.1. If the statistical error
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estimates in the stiffnesses appear high, this may be caused by the inversion being only
somewhat overdetermined. With 27 measurements to determine 21 parameters, there are
only 1.28 times more measurements than the minimum required.

Final inverted stiffnesses (GPa) Error in the stiffnesses (GPa)

n=1 n=2 n=3 n=4 n=5 n=6 n=1 n=2 n=3 n=4 n=5 n=6

m=1| 1591 6.48 6.10 0.06| -0.08 0.21 0.14 0.13 0.13 0.34 0.14 0.23
m=2 6.48| 14.43 5.72| -0.15| -0.05| -0.12 0.13 0.13 0.14 0.18 0.28 0.22
m=3 6.10 5.72| 10.88 0.07 0.05 0.15 0.13 0.14 0.12 0.23 0.18 0.26
m=4 0.06| -0.15| 0.07| 3.05| 0.01| 0.01| 0.34| 0.18, 0.23| 0.05| 0.06| 0.06
m=5| -0.08| -0.05| 0.05| 0.01| 3.44| -0.02, 0.14| 0.28| 0.18, 0.06f/ 0.05| 0.08
m=6 0.21| -0.12 0.15 0.01| -0.02 3.76 0.23 0.22 0.26 0.06 0.08 0.05

TaBLE 4.1 Stiffnesses estimated by phase-velocity inversion and their associated
uncertainties.

Velocities from those stiffnesses and the velocities from the experiment are
plotted in figures 4.3a-c for they, yzandzx planes, respectively. These graphs show the
agreement between the velocities computed from the inverted stiffnesses and the
observed velocities.
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Fic. 4.2 Phase-velocity plots for the phenolic block. The crosses represent the observed
velocity data and the solid curves are the phase velocities computed from the
inverted stiffnesses.

Collecting the data for this inversion went quickly since only 27 measurements
could be made of traveltimes between flat faces with parallel normal vectors without
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further carving up the sample. The inversion took a few seconds of computer time

making this method of determination of stiffnesses fast and easy. The small velocity error
(< 1%), less than the estimated relative experimental error (2%), indicates that this is also
an effective method.

4.2 Group-velocity measurements

For the second experiment performed on the phenolic material, a 23-cm diameter
sphere of the material was used. This large sphere was manufactured out of two cylinders
of the material glued together and machined into a sphere. The glue seam is at the equator
of the experimental coordinate system,xfi@lane, and holds the top canvas layer of one
piece to the bottom canvas layer of the other. It was desirable to make a sphere large
enough to gain more clear separation between the two shear arrivals as well as separation
between the shear arrivals and the reflected or refracted gP arrivals.

One of the advantages of performing an inversion from group velocities is
realized here. Since flat faces and large transducers are not required or even desired in
these experiments, a sphere is used and velocity measurements may be taken anywhere
on the sphere. This freedom from taking measurements on flat faces has allowed the
measurement of traveltimes yielding 105 velocities for the inversion. The sphere was
placed in a jig that holds both transducers and has a protractor surrounding the sphere to
make it easy to determine where on the sphere the measurements are taken (figure 4.3).
Using the protractor, measurements may be taken as closely spaced as every half-degree
around the sphere.

After the first arrivals were picked for each wave phase and a few anomalous data
points at the glued seam on the equator of the sphere were removed, 99 velocities were
used in the final inversior removing anomalous data is an affordable luxury when one
has 105 data points. The velocity error after the final iteration is 7.7 m/s, approximately
0.3% of the average velocity, well within the estimated experimental uncertaitiB?af
The resulting stiffnesses are listed in table 4.2 along with the statistical uncertainties in
those stiffnesses which were calculated as described in section 3.2.3. The uncertainties in
the stiffnesses for this inversion are substantially lower than the statistical uncertainties
calculated from the phase-velocity inversion (table 4.1). This difference in the error in the
stiffnesses is probably a result of this inversion being much more overdetermined, with
nearly five times as many measurements as number of required parameters.
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Fic. 4.3 Experimental set-up for measuring group velocities on the sphere. In this jig, the

sphere is clamped to a ring inside the protractor and can be rotated about a
vertical axis at an increment measured on the protractors.

Final inverted stiffnesses (GPa) Error in the stiffnesses (GPa)

n=1 n=2 n=3 n=4 n=5 n=6 n=1 n=2 n=3 n=4 n=5 n=6

m=1| 16.85| 7.88| 6.81| 0.07| -0.18| 0.12| 0.06f/ 0.06| 0.04, 0.05| 0.02| 0.06
m=2 7.88| 16.03| 6.51| 0.00| -0.26| -0.08| 0.06| 0.06f/ 0.05| 0.02| 0.06| 0.07
m=3 6.81| 6.51| 11.14| 0.00| -0.05| -0.04| 0.04| 0.05, 0.02, 0.01| 0.02| 0.03
m=4 0.07| 0.00, 0.00| 3.03] 0.01| 0.04| 005/ 0.02| 0.01| 0.01, 0.02| 0.02
m=5| -0.18| -0.26| -0.05| 0.01| 3.40| -0.01| 0.02, 0.06, 0.02, 0.02| 0.01| 0.02
m=6 0.12| -0.08, -0.04| 0.04| -0.01| 389| 0.06| 0.07| 0.03| 0.02, 0.02| 0.02

TaBLE 4.2 Final inverted stiffnesses and their respective uncertainties from the group-
velocity inversion of the laboratory data.

The data points used for the inversion, as well as the velocity curves from the
inverted stiffnesses are graphed in figure 4.4. In these velocity plots the data acquired in
the experiment fit rather neatly on the velocity curves calculated from the inverted
stiffnesses. The relatively high statistical accuracy of the inversion is likely due to the
large number of data points. The consistency of these velocity data is likely also a factor
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in the low statistical error result and this is probably a positive side-effect of using a
sphere in the experiment. The transducers are moved along the sphere as it is rotated in
the jig (figure 4.3) so they stay in contact with the sphere from measurement to
measurement with the same couplant between the transducer and the sphere. The
experimental set-up is not disturbed as much as it is when removing the transducers from
one pair of faces and attaching them to other faces, as done for the phase-velocity
measurements.
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Fic. 4.4 Group-velocity plots for the phenolic sphere. The crosses represent the data
points from the experiment and the solid lines are the group velocities from the
inverted stiffnesses.

The velocity curves appear to be nearly symmetrical on either side of the
equatorial plane or 90colatitude. The possibility of these symmetries existing is
supported by the relatively small values that were calculated for the off-diagonal
stiffnesses wheren or n is greater than three. If the medium displayed orthorhombic
symmetry, these values would be zero and each @xy5,andz, would be an axis of
symmetry. The likelihood that this medium has orthorhombic symmetry will be discussed
in section 4.3.

Despite the lack of robustness and accuracy in the group-velocity-inversion
method that was apparent in the numerical example in chapter 3, the inversion yielded
relatively accurate stiffnesses with an excellent fit of the model velocities to the velocities
measured in the lab. Whatever this inversion lacks in numerical accuracy and stability, it
appears to make up for when used on real data. In the measuring of group traveltimes,
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there is freedom to take several measurements from many different angles without the
need to cut faces into the material whose normals are in the desired direction of wave
propagation. It is this freedom to make as many measurements as are desired and the
freedom to make the measurements as consistent as possible that redeems this inversion
method.

4.3 Why bother with two separate inversions?

It has been shown in chapter 2 (table 2.1) that the difference between group and
phase velocities is relatively sma# 2% in that example) even for a medium of moderate
(= 20%) anisotropy. Arts (1993) performs an experiment where traveltimes are measured
through a small (6.5-cm diameter) sphere. He then performs his phase-velocity inversion
on the velocities calculated from those traveltimes arguing that there is very little (< 1%)
difference between group and phase velocities in a medium with weak (< 10%)
anisotropy. The question is: will there be a significant difference a medium of moderate
anisotropy between the phase-velocity-inverted stiffnesses and the group-velocity-
inverted stiffnesses or is the additional effort involved in the group-velocity inversion a
waste of computational time?

In trying to answer this question, an inversion was performed on the velocity data
from the large sphere assuming that the velocities are phase velocities. These stiffnesses
are then compared with the stiffnesses already derived from the group-velocity inversion.
Table 4.3 shows the stiffnesses from the group-velocity inversion (see section 4.2) and
the phase-velocity inversion of the same data. The differences between corresponding
elements in the stiffness matrix are listed in table 4.4.

Group-velocity inverted stiffnesses (GPa) Phase-velocity inverted stiffnesses (GPa)

n=1 n=2 n=3 n=4 n=5 n=6 n=1 n=2 n=3 n=4 n=5 n=6

m=1| 16.85| 7.88| 6.81| 0.07| -0.18| 0.12| 16.37| 7.47| 6.44| 0.04| -0.16| -0.01
m=2 7.88| 16.03| 6.51| 0.00| -0.26| -0.08| 7.47| 1558 6.20| -0.00| -0.26| -0.11
m=3 6.81| 6.51| 11.14| 0.00| -0.05| -0.04| 6.44| 6.20| 11.03| 0.01| -0.03| -0.15
m=4 0.07| 0.00| 0.00, 3.03, 0.01| 0.04, 0.04, -000f 0.01| 3.00, 0.04, o0.03
m=5| -0.18| -0.26| -0.05| 0.01| 3.40| -0.01| -0.16| -0.26| -0.03| 0.04| 3.35| 0.01
m=6 0.12| -0.08| -0.04, 0.04, -0.01| 3.89, -0.01, -0.11| -0.15| 0.03, 0.01| 3.88

TaBLE 4.3 Stiffnesses from the group- and phase-velocity inversions of the same data.
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Difference between the stiffnesses (GPa)
n=1 n=2 n=3 n=4 n=5 n=6
m=1 0.48 0.41 0.38 0.02 -0.02 0.14
m=2 0.41 0.44 0.31 0.00 0.00 0.03
m=3 0.38 0.31 0.11 -0.00 -0.02 0.11
m=4 0.02 0.00 -0.00 0.03 -0.03 0.01
m=5 -0.02 0.00 -0.02 -0.03 0.04 -0.01
m=6 0.14 0.03 0.11 0.01 -0.01 0.02

TaBLE 4.4 Differences between the group-velocity inverted stiffnesses and the phase-
velocity inverted stiffnesses.

There appears to be a fairly significant difference in stiffnesses between these two
inversions and these differences are not uniform over the entire matrix. For example, the
difference between the values fd€,,, Css, andCgg are very small{ 0.04 GPa or
< 1%) compared to the differences between the valueS;foand C,5 which are over
5%.

This exercise shows that there can be a fairly significant difference between the
stiffnesses derived from the group-velocity inversion and from the phase-velocity
inversion. This difference emphasizes the value of using the correct inversion method
with the appropriate type of data. It is theoretically incorrect to perform a phase-velocity
inversion on group-velocity data and there can be significant differences between
stiffnesses when the wrong type of velocity is assumed in the inversion when dealing
with velocities from moderately or highly anisotropic materials.

4.4 Inversion for a not-so-general elastic tensor

The previous work on the phenolic laminate cited here (Brown et al. 1991, 1993;
Cheadle et al. 1991) was done assuming that the anisotropy of the material belonged to
the orthorhombic symmetry class. In order to investigate whether or not the velocity data
obtained in the laboratory may be interpreted as velocities from an orthorhombic
medium, an inversion was attempted in which only the nine independent stiffnesses
required to define an orthorhombic medium were free to vary.

In the orthorhombic case, the nine independent non-zero stiffnesses in the general
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anisotropic stiffness tensor are as follows:

11 C2Cz 0 0 0
D CnrCxs 0O O O D
_ Cxs 0 O O
Cmn =0 C44 0 0 O 4.1
[ Css 0 [
O Ces U

The inversion procedure is identical to that outlined in chapter 3 with the exception that
all 12 of the stiffnesses not included in equation 4.1 are held at zero throughout the
inversion process. This ensures that the inversion program will derive the best solution
for stiffnesses with orthorhombteor higher order symmetry.

When the program was run on the group-velocity data from the sphere (section
4.2), the velocity error was minimized at 16.1 m/s. This is more than double the velocity
error found in the inversion of the same data for the general elastic tensor, but this is still
less than 1%~0.6%) of the average velocity.

Final inverted stiffnesses (GPa) Error in the stiffnesses (GPa)

n=1 n=2 n=3 n=4 n=5 n=6 n=1 n=2 n=3 n=4 n=5 n=6

m=1| 17.00) 7.85| 6.65 0 0| 0.11, 0.09| 0.06 0 0
m=2 7.85| 15.97| 6.56 0 0| 0.09| 0.10| 0.06 0 0
m=3 6.65| 6.56| 11.16 0 0/ 0.06f 0.06| 0.04 0 0
m=4 0 0 0| 3.03 0 0 0 0 0| 0.02 0 0
m=5 0 0 0 0| 3.35 0 0 0 0 0| 0.02 0
m=6 0 0 0 0 0| 3.88 0 0 0 0 0| 0.03

TaBLE 4.5 Final inverted stiffnesses and their respective uncertainties from the group-
velocity inversion of the laboratory data assuming an orthorhombic medium.

Table 4.5 contains the stiffnesses and uncertainties for the inversion that assumes
that the medium is orthorhombic. Note that the stiffnesses are not very different from
those calculated in the general inversion (table 4.2), but the uncertainties are almost
double the uncertainties associated with the general inversion. This is not surprising,
since the velocity error for this inversion is twice that of the previous inversion.

The match of the laboratory velocities to the model velocities does not appear to
be quite as good in this case, as seen in figure 4.5, as in the general inversion, shown in
figure 4.4. The most significant discrepancy between the model and observed velocities
appears to be in the gP-wave velocity. The observed velocities appear to be shifted
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slightly to the right in figures 4.4b and 4.4c. This shift of a few degrees in colatitude
could be due to an error made while aligning the transducers at the estmaaisdor
zero-colatitude points.
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Fic. 4.5 Group-velocity plots for the phenolic sphere. The crosses represent the data
points from the experiment and the solid lines are the group velocities from the
orthorhombic stiffnesses.

The assumption that this material displays orthorhombic symmetry appears to be
quite reasonable. A solution for the stiffnesses of the large sphere was found that fits the
data within a reasonable margin of experimental error when orthorhombic symmetry was
assumed. The inversion used here is a little faster than the inversion for the general elastic
tensor and would be appropriate for media that display cubic, hexagonal or orthorhombic
symmetry where the orientation of the principal axes is known.

4.5 Conclusions from the physical-model inversions

Each of the three inversions performed on the data from the two laboratory
experiments generated stiffnesses that yield forward-model velocities that match up well
with the velocities observed in the laboratory.

Despite the limitations discussed in chapter 3, the group-velocity inversion for the
general anisotropic tensor yielded the best results in its inversion of the 99 velocity data-
points from the sphere of phenolic. The smallest velocity error (7.7 m/s) and the least
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average statistical uncertainty in the stiffnesses (0.04 GPa) came out of this particular
application of the algorithm. The excellent performance of this inversion is attributed to
the freedom that the experimenter has to make as many measurements in whatever
directions as are desirable, without having to cut the sample so that plane waves may be
generated.

In contrast to the group-velocity method, the phase-velocity inversion was the
most robust and most accurate method in the theory and numerical testing of chapter 3,
but did not perform as well when faced with real laboratory data. The only drawback to
the application of this method appears to be the limitation of inverting only plane-wave
velocities. The model velocities fit the observed velocities with a statistical error of
18 ml/s resulting in an average uncertainty in the stiffnesses of 0.16 GPa, statistical errors
that are substantially higher than those for the group-velocity inversion. Despite this
higher statistical error due to fewer measurements, the errors from the phase-velocity
inversion are still well within the uncertainty estimates for the laboratory measurements.

It was shown here that if we assume that the velocities from the sphere are phase
velocities so that we can use the faster and more-accurate phase-velocity inversion, the
resulting stiffnesses can be significantly different than the stiffnesses resulting from a
group-velocity inversion. Even though there isn’'t much difference between the group and
phase velocities of this moderately anisotropic medium, it is important to use the
appropriate inversion when dealing with moderately to highly anisotropic media if
accurate stiffnesses are to be calculated.

One additional group-velocity inversion was performed on the data from the
phenolic sphere to see how well the model would fit the data if the medium were
constrained to be orthorhombic, with the symmetry axes coincident with the coordinate
axes used in the experiment. This orthorhombic model fits very well to the observed
velocity data. The velocity error of 16.1 m/s, 0.6% of the average velocity, is well within
the experimental error estimate £#%. From this inversion exercise one may conclude
that the assumption of orthorhombic symmetry appears to be valid for this medium.
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Chapter 5

Conclusions

If laboratory measurements of traveltimes are to be performed on anisotropic
rocks or physical models to determine stiffnesses, it is very important to know how to
interpret the observed traveltimes in terms of group or phase velocities. With
consideration of this problem early on in an anisotropic study, one may avoid the
complications unforeseen by Cheadle et al. (1991). In that experiment the measurements
were assumed to be of group traveltimes between source and receiver centers, but were,
in reality, measurements of phase traveltimes in most of the cases and in two cases
measurements of group traveltimes from one edge of the source transducer to the other
edge of the receiver transducer.

Once my numerical models had shown what was happening to the wavefronts as
they travelled through the anisotropic medium, a geometric analysis of this effect
established a criterion to decide whether group or phase traveltimes or neither are
measured in ultrasonic transmissions in the laboratory. Using this criterion in advance of
doing any laboratory work, the experiments may be designed to specifically measure
either phase traveltimes or group traveltimes.

This experimental design has been implemented in the laboratory work done for
this thesis. One experiment, using large transducers with a small normal separation, was
designed to acquire phase velocities while a second experiment, using small transducers
on a much larger sample, was designed specifically to acquire group velocities. These
velocities were then used to obtain stiffnesses of the material using numerical inversions
from each of group and phase velocities.

The numerical group-velocity inversion algorithm was designed to overcome the
limitations imposed by the fact that group velocities cannot be calculated in a prescribed
direction. Jech (1991) designed a similar method but, because of the difficulty in finding
a group velocity near shear-wave singularities, performed his inversion using only gP-
wave velocities. By using a random search method when the GLI method of finding a
group velocity fails, | avoid the problem of relying on the surface characteristics to direct
the algorithm towards a solution. Even though this type of search is computer-intensive,
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the GLI method only fails a small percentage of the time, depending on the medium, so it
does not make a very significant difference in the computational time of the program.

The phase-velocity inversion was designed in a manner similar to that of the
group-velocity inversion, with the exception that the phase velocity may be calculated
directly for any prescribed direction. In the numerical testing of the algorithm, the
inversion from phase velocities was faster and more accurate than the inversion from
group velocities. However, the limitations that are imposed in the collection of phase
traveltimes in the laboratory give the group-velocity inversion definite advantages in the
application to real data.

The results from the group- and phase-velocity inversions indicate that the
freedom to make measurements of group velocities in any direction as desired made the
results from the group-velocity inversion more accurate when used on laboratory data.
Even though the phase-velocity inversion is more straightforward, more accurate and
more numerically stable, the difficulty in collecting plane-wave traveltimes in the
laboratory makes this method less attractive than the group-velocity inversion. The phase
velocities are more mathematically straightforward to calculate, but group velocities are
easier to measure.

Once | completed the design of the group-velocity inversion and tested it on
numerical and physical models, it was modified to invert for the nine stiffnesses required
to define an orthorhombic medium. The purpose of this exercise was to determine
whether imposing the assumption of orthorhombic symmetry on the solution yields as
good a solution as the assumption of triclinic symmetry. For the 99 velocities used in the
inversion, the coefficient of variation from the inversion was less than 1%. This inversion
yielded a very reasonable fit which implies that the nine orthorhombic model parameters
are sufficient to define this medium. This further implies that the use of additional
parameters, i.e. 21 parameters, would be overparameterizing the model and therefore the
nine-parameter inversion assuming orthorhombic symmetry is as good as or better than
assuming triclinic symmetry.

From this work, we now have a geometrical criterion for determining which of
group or phase traveltimes are measured in the laboratory and a new method has been
designed for inverting from group velocities to stiffnesses, which has overcomes the
difficulty of finding the shear-wave group velocity in a prescribed direction near a
singularity. During the development of this algorithm, a phase-velocity inversion was
designed in order to compare the two methods of acquiring elastic constasiag
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phase velocities and using group velocities. This comparison showed the advantages that
are realized when using group velocities in the inversion. It has also been shown that the
assumption of orthorhombic symmetry appears to be valid for the anisotropic physical-
model material Phenolic CE.
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