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General Principle of FWI

6 (") =3 / e (Z 6P (o rs0ls™ (1)) |2)

rs,I'y

Least-squares misfit function for full waveform inversion
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General Principle of FWI

s (r) = (M (r) 4 p(M 5™ (1)
The model can updated iteratively
55" = —fdr’H(”)_(r, r')g™ (r)

The model perturbation can be constructed by gradient and inverse Hessian
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Why FWI fails in industry practice?
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Gradient Y:

Gradient

M) ==Y / dwR (W Fy(w)G(r, 15, w)G(ry, r,w)d P*)

rs,I'y

Gradient can be constructed using adjoint state method
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Gradient Y:

Gradient

M) ==Y / dwR (W Fy(w)G(r, 15, w)G(ry, r,w)d P*)

rs,I'y

RTM image based on crosscorrelation imaging condition
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g™ (r) = —/dwﬂ? {wZFS(w)é(r,rs,w)G(rg,r,w)(SP*}
Linear phase encoded gradient

where G(r,r,,w) = G(r,ry,w)e™P: "2 Ds s the ray-parameter, =/, and x are the
sources’ coordinates.

sin @

p=

¥ Source / ¢

- P piwp(z—z0)

x We—nk "----%---—HB p=0

Linear phase encoding strategy

O Integration over ray parameter can disperse the crosstalk noise.
O Different ray parameters can balance the gradient.
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The Functions of Hessian in Least-Squares Inverse Problem

Hessian Matrix

O Improve the convergence rate
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The Functions of Hessian in Least-Squares Inverse Probiem

Hessian Matrix ~ gemmms  Nonstationary Deconvolution Operator

O Improve the convergence rate

0 Compensate the geometrical spreading effects and balance the amplitude
O Suppress the multiple scattering effects and improve the resolution
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Anproximate Hessian

H™ (r' 1) =}\(<) + Hgn’)

Full Hessian

H™ = HQ(H) ~ Z fdwg% {w4G (rg,r’,w|sén)) G (r’,rs,w|s(gn)) G* (rg,r”,w|s(()”)) G* (r”,rs,w‘Sgn))}

rs,T'y

Approximate Hessian in Gauss-Newton Method by Gary and Kris (2011)

H™ ~ diag (Hé”))

Diagonal part of the approximate Hessian
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Pseudo-Hessian

fvi’rtual — —was(w)G (I‘, rsaw‘s(gn) (I’))

Virtual Source
Hn = Joirtual [yirtual = Z/dw%{wﬂf( PG rg,w)G* (r" rs,w)}
Pseudo-Hessian

2or, rg [ dwR {w? Fs(w)G(r,rs,w)G(ry,r,w)dP* (rg,rs,w)}
lf'S fdww48%{|fs(w)’2G (I' ,rs,w) G* (I",I‘S,w)} + M

Idec —

Deconvolution imaging condition
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Phase Encoded Hessian

Hepcoded = Z / dwR {w4G(r’, re,w)G* (", rg, w}

X Z f dw% r : r_g? (.U) lwpg (l';*minitiul)G* (I‘H, rg, w)eiiwpg (wgm'énitial)}
Receiver-side linear phase encoded Hessian
Hencoded — Hea:a,ct + Hcr\as\talk

By Tang (2009)

Hencoded = Hezact, Py < (—OO, _|_OO)

By Tao and Sen (2013)
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Phase Encoded Hessian

Hchirp-encoded — Z f dwi {w4G(I‘,, I‘S,CU)G* (r,,; Is, w}
xZ/dw?ﬁ’ (x',r] w)G*(r”,rg,w)ez‘w(pﬁf&p)(ﬂ?;—wg)}

Chirp phase encoded Hessian

¥ Source . N\ ‘
/*\7\//"\ i’?’/ giw(ptelp)(z—zo)
“:.9 v v
AN o S 0

R __hp:

Chirp phase encoding strategy
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Inverse Hessian Comparison 'y CREWES
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Errors (normalized)

Error Comparison s CREWES
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Gradient Contribution Analysis . ‘BN /
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Multiscale Approach

O Low frequency is responsible to catch the low wavenumber component

O High frequency is responsible to add detailed information
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Pseudo Gauss-Newton Step

To reduce the computational cost further, we proposed to use one ray
parameter in one FW!I iteration but change the ray parameter for different
Iterations.

— [ dwi {w2]—_5(w)é(r, ro, w)G(r,, r,w)ép*}

)
’ (r) dia’g (Hchirp_encoded) + Al
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Pseudo Gode for PGN method

BEGIN < s, initial model;

WHILE = < 5, or n < Nynax
Identify the ray parameter pgn)
[dentify the m(”) = o = fmazs finterval, €very k iterations

Generate the data residual 6P and apply low-pass filtering 6P = low_pass !dP._ £

Generate the linear phase encoded gradient ¢(™ (-pgﬂ'))

FOR :=1 to pf \ pfr , every 1 or m iterations

Construct the diagonal part of the hybrid phase encoded Hessian diag ! H éiﬂa !
END FOR
Calculate the step length £ using the line search method
update the velocity model:

—1
st D(r) = s (r) — pt {d'iag (Héﬁza) + A } g\ ('pgnj)
Calculate the relative least-squares error:
s () =stre ()]

END WHILE
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Computational Gost Gomparison

Table2. Computational cost comparison for different strategies

Methods Gradient H, diag (Hepn_o) Step length  Cost for one iteration
TGN Method 2N, Ng x N, \ 1 2Ng + Ng x N,
SEGN Method 2N} \ _-"\-'Tl,jr_f; + ﬂ-ﬁ 1 2N; + _-N'T;;Lj: + _-N'TpHr
PGN Method 2 \ Nji+ N} 1 NIT4+ NI +2
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Numerical Experiment ‘\s'CREWES
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Initial Velocity Model '+ CREWES
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Reverse Time Migration Image Comparison ts' CREWES
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Reverse Time Migration Image Comparison ts' CREWES
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Reverse Time Migration Image Comparison ts' CREWES

With Diagonal Hessian Precondition
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Conclusions

O Hessian matrix server as a nonstationary deconvolution operator to improve the convergence rate
of least-squares inverse problem.

O Varying ray-parameter during iterations can reduce the computational cost further and balance
the model update.

Q If the ray-parameter range is too small, the layers with dip angles cannot be inversed in balance,
if the ray-parameter range is too large, the convergence rate will be decreased.

Q If the assembled sources are not dense enough, the crosstalk noise will be very obvious,
especially for shallow layers.

O Chirp phase encoding strategy can reduce the crosstalk noise better than linear phase encoding
strategy with the same number of simulations.

O Diagonal part of the phase encoded Hessian can server as a good approximation of the Hessian to
precondition the gradient and increase the convergence rate.

Q Full waveform inversion with source encoding is efficient for numerical modeling but will
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