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Abstract
An exact, analytical solution for PP reflection amplitudes is derived for poroelastic media as a
result of incorporating the poroelastic parameters of fluid (f), shear modulus (), and density (p)
into the elastic Zoeppritz equations. This solution contains many terms which may be neglected
to produce first (linear), second (nonlinear) and third (nonlinear) order approximations. These

approximations are derived in terms of perturbations (ay, a,, a,) and reflectivities (Af /f, Au/p,

Ap/p). These results are expected to extend to dynamic poroelastic models of wave propagation
and initial groundwork for this extension is reported. When modeling reflection amplitudes of
media with small poroelastic contrasts (10%), the first order approximation yields 5% error for
the zero offset reflection amplitude and much less than 1% error for the third order
approximation. By changing the media properties to replicate large poroelastic contrasts (50%),
the first order approximation produces 20% error for the zero offset reflection amplitude and less
than 1% error for the third order approximation. Nonlinear corrective terms of order 2 and 3 are,

therefore, relevant for poroelastic AVO analysis in geophysically realistic scenarios.
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Chapter One: Introduction
1.1 Statement of the problem

AVO analysis and inversion remain a key part of seismic exploration and monitoring. Extensive
mathematical analysis of isotropic-elastic AVO equations has been undertaken, in exact forms
(Zoeppritz, 1919; Aki and Richards, 1980), linear forms (Richards and Frasier, 1976; Wiggins et
al., 1983; Gray et al., 1999) and nonlinear series expansions (Stovas and Ursin, 2001; Innanen
2013). This has been extended to anisotropic AVAZ (Mahmoudian, 2013) and anelastic media

(Innanen, 2011a).

Seismic responses in poroelastic media (Biot, 1941; Gassmann, 1951) have been studied in great
detail numerically (Carcione et al., 2010; Moradi and Lawton, 2013) and analytically (Gurevich
et al., 2004; Miiller et al., 2010); the poroelastic model appears to capture geological features of

reservoirs very effectively.

Partly in response to a new range of re-parameterization of the linearized AVO equation
(Goodway et al., 1997), Russell and Gray formulated linearized poroelastic AVO, through which
the amplitude responses in reflection seismic experiments could be related to poroelastic
properties such as the Biot fluid term (Russell et al., 2003, 2011). At present, neither exact, nor
nonlinear series exist for the Russell and Gray equation; nor is known the importance of AVO

nonlinearity with respect to Biot’s fluid term.



1.2 Concepts, terms and technical overview

Amplitude variation with offset (AVO) analysis of seismic reflections has become an important
tool for hydrocarbon prospecting (Foster et al., 2010). Various AVO parameterizations exist, all
of which involve the sum of three weighted elastic-constant terms (Russell et al., 2011).
Zoeppritz (1919) has provided a set of equations that accurately calculates the amplitudes for
reflected and transmitted plane waves. These amplitudes can be calculated for a range of offsets

in a surface seismic survey.

Various AVO case studies have been investigated in the last several decades. One of the earlier
case studies involving Koefoed (1955) shows the effects of using differing Poisson ratios and
their impact on the angle-dependent P-wave reflection coefficient. This caused significant angle-
dependent variation in the P-wave reflection coefficient (Foster et al., 2010). Other types of
hydrocarbon-related AVO responses are identified by Rutherford and Williams (1989), who
consider the effects of acoustic-impedance contrasts. They describe the seismic AVO response of
gas sands, which have a similar or higher acoustic impedance than the encasing shales. Their
work has led to a classification system for AVO responses that has been universally adopted for

oil and gas exploration (Foster et al. 2010).

Prior to the wide use of AVO, seismic signals were conventionally viewed as a band-limited
normal incidence reflection coefficient series with appropriate traveltime and amplitude variation
due to propagation through an overburden (Castagna and Backus, 1993). Ostrander (1982)

demonstrated that gas sand reflection coefficients vary in an anomalous fashion with increasing



offset and showed how to utilize this anomalous behaviour as a direct hydrocarbon indicator on

real data (Castagna and Backus, 1993).

The recognition that hydrocarbons affect the acoustic impedance and Poisson’s ratio of reservoir
sandstones led to the development of seismic attributes to detect these effects (Foster et al.

2010). Some common AVO attributes are the reflection-coefficient intercept or normal-incidence
reflection coefficient A; the reflection-coefficient gradient at normal incidence B; P-wave
normal-incidence reflectivity Rp, which is equivalent to intercept A; and S-wave normal-
incidence reflectivity Rs. Most of these attributes originate with Aki and Richards’ (1980)

approximation for the angle-dependent P-wave reflection coefficient (Foster et al. 2010).

In this chapter, the following topics will be discussed. The first topic will discuss elementary
wave field behaviour for plane waves and the two modes that exist when traveling in a
homogenous medium. As plane waves travel in a homogeneous medium and are disturbed by a
boundary, reflected and transmitted plane waves are formed as a result where the amplitudes of
these waves can be exactly calculated by what is known as the Zoeppritz equations. This will be
explained in a brief introduction to how these equations appear in analytical notation as well as
the numerous associated linearized approximations. One such approximation has been developed

by Russell et al. (2011) and will be discussed in more detail.

1.2.1 Elementary wave field behaviour

When a source located on the surface becomes active, a mechanical disturbance begins to

propagate through the subsurface. This is seen in Figure (1.1) where a source has become active

3



and a series of spherical wave fronts are propagating towards a boundary. For a homogeneous
medium, the wave fronts remain spherical given that there are no effects such as anisotropy
distorting the overall character of the wave. After a wave front interacts with the boundary, a
reflection and a transmission of that wave front will occur. The amplitudes of these wave fronts
change depending on the relative change in medium properties. If changes are small, the

amplitudes are also small, while large changes produce large amplitudes.

Once the down-going waves emitted from the source have interacted with the boundary
separating the two media, a series of reflected and transmitted wave fronts will be generated
continuously until the energy dissipates. These two waves are shown in Figure (1.2) where some
of the energy acting as up-going wave fronts in the beige medium travels back towards the
surface while the rest of the energy continues to travel down. For each down-going wave front
that interacts with the boundary, an associated up-going and a transmitted wave front are

produced, which accounts for the total of three wave fronts in this simple geological system.



Receiver
Source

K

Boundary
l_

Figure 1.1: A snapshot in time of a source emitting spherical wave fronts.

Receiver
Source

Boundary
l,_

B

Figure 1.2: The result of the wave field interacting with the boundary is a reflected wave
field that is recorded by the receiver and a transmitted wave field that continues to travel
downward into the subsurface.

In terms of computer modeling, spherical wave modeling as shown in Figures (1.1) and (1.2) can

be time consuming. Plane wave modeling, and more specifically plane wave amplitude
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modeling, is useful to approximate spherical wave field amplitudes for several linearized P-wave
amplitude modeling equations, as will be demonstrated later in this chapter.

In Figure (1.3) a single P-wave ray path is demonstrated. It shows a down-going P-wave which
strikes the boundary at a particular incidence angle 6. The angle 6 in relation to the reflected and
transmitted angles is shown by Snell’s law. Another form of a plane wave is the S-wave which is
also generated by the source if it is given a shear motion. These waves propagate at a velocity
different than their P- counterparts. As either P- or S-waves interact with a boundary, mode
conversion occurs which produces both P- and S-waves that propagate as a reflected wave and a
transmitted wave as illustrated in Figure (1.4). The Zoeppritz equations describe how these
relationships hold based on conservation of reflection and transmission amplitudes for plane
waves. More specifically, the Zoeppritz equations are useful in describing the vector orientation
of the plane wave with its amplitude. For this study, primary interest is in the P-wave amplitude
signature that the wave field carries as it travels from the source to a reflecting boundary, and to

a receiver as seen in Figure (1.3).



Receiver
Source

P:inc P: refl

Boundary
l,_

P: trans

Figure 1.3: This encapsulates all paths that a P-wave may take, which includes the incident,
reflected, and transmitted wave. The dotted line is perpendicular to the boundary.

The Zoeppritz equations will be used as the starting point for our study. As mentioned
previously, the incoming P-wave approaches the boundary at a particular angle 8. When

0° < 8 < 90°, areflected and transmitted P-wave is produced. The direction and the amplitude
of the reflected and transmitted waves are based on two factors: the elastic contrasts between the
upper and lower geological layer, and the incident angle 8. These factors are explicitly shown in
the Zoeppritz equations which quantify the amplitudes of these P- and S-waves. More details

about the Zoeppritz equations will be explained in the subsection.

1.2.2 Reflection at a boundary: AVO and the Zoeppritz equations

A simple model that is considered for studying reflection amplitudes may consist of two semi-
infinite isotropic homogeneous half-spaces that are welded together at a plane interface or

boundary. For an incident plane wave traveling within this model, the reflection coefficient
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variation with an angle of incidence is given by the Zoeppritz equations (Castagna et al. 1998).
Due to the complex structure of these equations, approximations (Bortfeld, 1961; Richards and
Frasier, 1976; Aki and Richards, 1980; Shuey, 1985) have been derived to simplify the
calculation of the reflection coefficient (Castagna et al. 1998). Before discussing the

approximations, the Zoeppritz equations will be described in more detail.

A P-wave that strikes a planar interface between two elastic solids gives rise to four other plane
waves: the reflected vertically polarized shear (SV) wave, the reflected P-wave, the transmitted
P-wave, and the transmitted SV-wave as shown in Figure (1.4) (Keys, 1989). Since the
horizontally polarized shear (SH) wave is not calculated in the Zoeppritz equations, the shear

wave will be referred to as the S-wave.

The amplitudes of these plane waves are related to one another by the requirement that normal
and tangential components of stress and displacement must be continuous across the reflecting
interface (Keys, 1989). From these continuity conditions, a set of four equations for the four P-
wave displacement amplitudes can be derived:

-X —1-B°X* CX iopixt ] R I X ]
V1-X? -BX V1-c’x’ DX R, Vi-X*
T

_ (1.1)
2B X AJ1- X° B(l—ZBZXZ) 2AD’XA/1-C?X?  —AD(1-2D?X?) || Ter 2BZX A1 X *

(1-2B°X*) 2B'X+1-B'X® AC(1-2D'X?) 2AD*X\1-D'X’ | Tesd | 1-28°X°

where Rpp is the amplitude of the reflected P-wave, Rps is the amplitude of the reflected S-wave,
Tpp is the amplitude of the transmitted P-wave, and Tpg is the amplitude of the transmitted S-

wave (Keys, 1989). The variable X is sin 6,, where 8, is the angle of incidence. 4, B, C, and D



represent ratios of the elastic parameters: A = p;/po, B = Vs, /Vp,, C = Vp, [Vp,, and D =
Vs, /Ve,, Where p;, Vp, and Vs, are the density, P-wave velocity and S-wave velocity of medium

i, respectively. Equation (1.1) is equivalent to the Zoeppritz equations used by Levin (1986).

By observing the interaction of a plane wave upon an interface of two semi-infinite half spaces,
four different energy partitions result from an incident P-wave. These partitions are (1) a

reflected P-wave, (2) a transmitted P-wave, (3) a reflected S-wave, and (4) a transmitted S-wave
(Castagna and Backus, 1993). The angles of each partition may be calculated using Snell’s law,

_sing, sing,_sing, sing,
Ve Voo VooV

S

where, Vp, and Vp, are the P-wave velocities in medium 0 and medium 1, respectively; Vs, and
Vs, are the S-wave velocities in medium 0 and medium 1, respectively; 8, and 6, are the incident
P-wave angle, and the transmitted P-wave angle, respectively; ¢, and ¢, are the reflected S-

wave angle, and the transmitted S-wave angle, respectively; finally p is the ray parameter. This

is illustrated in Figure (1.4).
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Figure 1.4: A simplified two-layer geological representation with an incident P-wave
approaching an interface. As the incident P-wave, P°:inc, propagates toward the boundary
at @ > 0, a set of P- and S-waves will reflect off of the boundary and another set of P- and
S-waves will transmit through the boundary into medium 1. The angles measured from
normal for the two reflected and the two transmitted waves all obey Snell’s law.

1.3 AVO analysis
1.3.1 Development of seismic amplitude analysis

In literature, many studies demonstrate linearized AVO equations that approximate the Zoeppritz
equations. These linearized equations extract physical information from amplitude data directly
(Shuey, 1985; Aki and Richards, 2002; Smith and Gidlow, 1987; Rutherford and Williams,

1989).

The Zoeppritz equations describe the relations of incident, reflected and transmitted longitudinal

waves (P-waves) and shear waves (S-waves) on both sides of an interface (Smith and Gidlow,
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1987). These equations are the fundamental mathematical formulae for the amplitudes of
reflected and transmitted plane waves when an incident P-wave strikes an elastic boundary.
Although they give precise values of the amplitudes of the reflected and transmitted plane waves,
they may cause problems. For instance, the effects of parameter changes on the seismic
amplitudes and the unstable solution that may result from the intrinsic nonlinearity of these

equations make it less practical than are linearized approximations to them (Zong et al., 2012).

For analysis of P-wave reflections, the requirement is an equation which relates reflected P-wave
amplitudes to incident P-wave amplitudes as a function of the angle of incidence (Smith and
Gidlow, 1987). Following Russell et al. (2011), the Aki and Richards approximation is expressed

as a linearized sum of three terms given by

Qein? L2
Rpp(a)z(1+tan29)AVP+[ 8sin QJAVS +[1—43'n 9)£ (1.2)

P Ve ) Vs Y 2P
where Vp, Vs, and p are the average velocity and density values across the boundary; AVp, AV,
and Ap are the differences of the velocity and density values across the boundary; 6 is
interpretable as either the incidence angle or the average of the incident and refracted angles; and
Ysat = (Vp/Vs)sar is the compressional-to-shear-wave velocity ratio for the in situ (saturated)
rocks (Russell et al. 2011). An assumption is made such that the relative changes of property
(AVp /2Vp, AV /2Vs, Ap/2p) are sufficiently small that second-order terms can be neglected and

that 6 does not approach the critical angle or 90° (Smith and Gidlow, 1987).

Several important algebraic rearrangements of equation (1.2) exist, the most common being
Re» (6) A+ Bsin® @+ C tan® @sin® 0 (1.3)
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1[AVp

where A = Rp, = > [— + ] is a linearized approximation to the zero offset P-wave reflection

coefficient, B = — — ——— — T and C = (Russell etal., 2011). Equation (1.3) is

initially derived by Wiggins et al. (1983), and is the basis of much empirical AVO work (Russell

etal., 2011).

A second rearrangement of equation (1.3), by Gidlow et al. (1992) and Fatti et al. (1994), based
on an earlier equation by Smith and Gidlow (1987), is given by

Rep (0) = (1+tan” 0) Ry, + [ izsinzeszﬁ(iz
sat

sat

sin® @ —tan? 49) R, (1.4)

[AVP

where Rp, = is equal to the A term from equation (1.3), Rgy = AVS +22] s the
p

linearized approximation to the S-wave impedance reflectivity, and R, = ?—Z is the linearized

density reflectivity term (Russell et al., 2011). More recently, Gray et al. (1999) reformulated
equation (1.3) for two sets of fundamental constants: A, i, and p (the first and second Lamé
parameters and density, respectively), and K, u, and p (bulk modulus, shear modulus, and
density respectively) (Russell et al., 2011). Gray et al.’s (1999) two formulations are given as

Res (0) i 12 sec 9M+i(15e020—25in20jA—’u
4 2yq A Ve H

+(E—Esec GJA'O
2 4 Yo,

(1.5)

and
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Res (6) = (%— 312 ]sec2 c9&+i2(lsec2 6 —2sin’ GJA—”
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(1.6)

1.3.2 Fluid discrimination from AVO analysis

The development of methods to obtain various fluid factors from prestack seismic data has
pushed the development of technology for reservoir forecasting and fluid discrimination (Smith
and Gidlow, 2000; Quakenbush et al., 2006; Zong et al., 2012). Traditional AVO and
petrophysical analysis seeks to identify anomalous variations between seismic compressional
wave velocity (Vp) and shear wave velocity (Vs) to indicate changes primarily in pore fluid, as
well as lithologic properties (Goodway et al., 1997; Gassmann, 1951; Pickett, 1963; Tatham,
1982; Castagna, 1993). The A — u — p parameterization is presented by Goodway et al. (1997)

that show an alternate way to extract the parameters suggested (Russell et al., 2011).

Gray et al. (1999) derive two formulas which parameterize AVO in terms of constants A, u, and
p (Lamé moduli, shear modulus, and density) for the first formula, and K, u, and p (bulk
modulus, shear modulus, and density) for the second formula in equations (1.5) and (1.6)
(Russell et al. 2011). It is the combination of the A — u — p technique and Gray’s AVO
formulations that motivated the linear poroelastic AVO derivation by Russell et al. (2011).
Russell et al. (2011) refer to this equation as the f — m — r equation. An additional linearized
poroelastic AVO equation is derived by Zong et al. (2012) parameterized in terms of P-wave

modulus, S-wave modulus, and dry velocity ratio.
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Interpreted in the context of Biot (1941) and Gassmann (1951) theory, the Russell et al. (2011)
linearized poroelastic AVO equation accounts for gas-filled pore space contributions. Russell et
al. (2011) derived the f — m — r equation beginning with the linear elastic form in equation
(1.2). One of our goals will be to re-derive f — m — r beginning with a re-parameterization of

the full Zoeppritz equations.

1.4 Thesis overview

As mentioned in the statement of the problem, there are no cited investigations that reveal exact
solutions or nonlinear series solutions in regards to PP reflection modeling of poroelastic

inclusions in geological settings.

However, the research of exact reflection modeling is available in great detail (Zoeppritz, 1919;
Keys, 1989; Levin, 1986) and there are also instances found in the literature that portray different
parameterizations of PP reflection modeling as linearized approximations (Aki and Richards,
2002; Shuey, 1985) as well as nonlinear series solutions (Innanen, 2013). In regards to
geological settings that include pore fluids, there is also research by Biot (1941) and Gassmann
(1951) that illustrate how the introduction of these pore fluids affect an initially dry (or drained)
porous rock. More recently, a study has been performed in regards to poroelastic media using
reflection modeling. Russell et al. (2011) show that a derivation of a linearized AVO equation of
poroelastic environments can be quantitatively measured with three poroelastic parameters; the
first is known as the fluid term (f'), the second is a saturated shear modulus () and the third, a
saturated density (p) term. The contents of this thesis will explain how it is possible to use these
poroelastic parameters (f, u, p) to derive both exact and nonlinear series solutions using the
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exact-elastic reflection modeling or Zoeppritz modeling as an extension to the research of

Russell et al. (2011).

At the beginning of chapters two, three, four, five and six, an overview will state the purpose of
that chapter in a section by section basis. These chapters will be concluded with a summary that
will mention the main result or observation and transition to the following chapter. Chapter
seven is the conclusions chapter and will summarize the thesis in addition to providing the key

results and the future directions of this work.
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Chapter Two: Theoretical Background
2.1 Chapter overview

The purpose of this chapter is to introduce concepts of AVO theory. In section 2.2 we will
review two studies using exact AVO modeling followed by an issue that is found using these
exact AVO equations. The section will conclude with several forms of linearized AVO
equations. Section 2.3 will introduce poroelasticity using Biot’s fluid term to describe how
elastic moduli may be written analytically to compensate for the effect of a fluid. This will lead
into the Russell and Gray AVO approximation that uses Biot’s fluid term as one of its parameters

in section 2.4. Finally, chapter 2 will be summarized in section 2.5.

2.2 The Zoeppritz equations in a geological setting
2.2.1 Case study applications of exact solutions

The P-wave reflection coefficient as a function of incidence angle Rpp(6,) is defined as the ratio
of the amplitude of the reflected P-wave to that of the incident P-wave (Castagna and Backus,
1993). Similarly, the P-wave transmission coefficient Tpp(6,) is the ratio of the amplitude of the
transmitted P-wave to that of the incident P-wave. Also, Rps(6,) is the ratio of the amplitudes of
the reflected S-wave and the incident P-wave and Tps(8,) is the ratio of the transmitted S-wave
and incident P-wave amplitudes (Castagna and Backus, 1993). Knott (1899) and Zoeppritz
(1919) invoked continuity of displacement and stress at the reflecting interface as boundary
conditions to solve for the reflection and transmission coefficients as a function of the incident
angle and the media elastic properties (density, bulk modulus and shear modulus) (Castagna and

Backus, 1993). The result is a set of equations known as the Zoeppritz equations.
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The Zoeppritz equations are very complex and involve instances of rational expressions that
yield real and complex valued reflection and transmission coefficients. This kind of complexity
provides little physical insight (Castagna and Backus, 1993). The coefficients Rpp, Rps, Tpp, and
Tps as a function of 6,,, are computed from the P-wave velocity, S-wave velocity, and density of
each medium. Figure (2.1) provides reflection coefficient values for PP waves for various
velocities and densities (Castagna and Backus, 1993). These velocities and densities are shown

in Table (2.1).

Overburden Model | V, (m/s) | Vs (m/s) | p (kg/m®)
A 1829 914 2020
B 2521 1260 2120
C 3048 1524 2200
D 4267 2133 2380
E 4877 2438 2470
F 5486 2743 2560

Table 2.1: Top layer parameters for six Zoeppritz models from Richards (1961) for
Paleozoic limestone structures in Western Canada. The parameters for the bottom layer
are Vp = 6096 m/s, V¢ = 3048 m/s, and p = 2650 kg/m3.
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Figure 2.1: Zoeppritz curves of various P- velocities, S- velocities and densities using values
from Table (2.1).

Figure (2.1) shows the entire range of possible incidence angles, whereas common exploration
incidence angles are about 30 degrees or less (Castagna and Backus, 1993). For the AVO curves
in this figure, the following observations have been made (Castagna and Backus, 1993):
(1) The local maxima for reflected P-wave amplitudes may occur at normal incidence, the
first critical angle, and possibly near the S-wave critical angle.
(2) The change of the reflection coefficient with respect to the angle of incidence is small at
low angles.

(3) The first critical angle 6., is given by

ing v (2.1)
sing. =— . .
CO V

R
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For elastic layers, the reflected P-wave energy decreases after the first critical angle due
to increased conversion to reflected and transmitted S-waves. Consequently, there can be
a second critical angle 6., given by

ing v (2.2)
sing. =— . .
il \/Sl

Beyond this critical angle there are no transmitted S-waves. From equation (2.1), we can
see that there is no first critical angle when Vp,  is greater than V. When this occurs, P-

waves are always transmitted. In equation (2.2), there is no second critical angle when

Vp, is greater than Vs, implying that converted S-waves are transmitted at all angles

below 90°. Finally,
(4) At near normal incidence, Rpp initially decreases very slightly with increasing angle.
Deviations from this general behaviour can result from changes in V, /Vs across the

interface, and form the basis for seismic lithology analysis.

In exploration seismology, the reflection coefficient is typically desired for pre-critical angles.
Koefoed (1955) was first to point out that AVO analysis may be used to identify V, /Vs
variations. His research explored conditions such that V, /Vs variations, where Poisson’s ratio
measurements are changing across an interface, may be used as an indicator for hydrocarbon
detection (Castagna and Backus, 1993). The relationship of Poisson’s ratio to Vp /Vs is

(o)
S (2.3)

o=—"5—",
Ve | 1
VS
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and

(2.4)

Koefoed’s (1955) work is illustrated in Figure (2.2) where varying Vp /Vs ratios and Poisson’s
ratios are tested. There are several observations that may be made about Figure (2.2) (Castagna
and Backus, 1993): (1) Figures (2.2a), (2.2b), and (2.2c) illustrate the basic principle exploited
when AVO is used for hydrocarbon detection; as a; decreases (as would occur when gas
replaces brine); the reflection coefficient becomes more negative with increasing offset. (2) For
Ao = 0 (Figures (2.2d) and (2.2f)), lowering the average Poisson ratio also causes the reflection
coefficient to become more negative with increasing offset. (3) Comparison of Figures (2.2b)
and (2.2e) shows that the effect of lowering o, occurs for all Vp, /Vp ratios. (4) If Vp /Vp, is
varied while density and Poisson’s ratio remain constant, the magnitude of the AVO effect is

essentially unchanged (the AVO curves are shifted by the normal incidence reflection coefficient

Rp).
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Figure 2.2: P-wave reflection coefficient versus incident angle for model parameters given
in Table (2.2). Figures (a) and (b) show a varying Poisson ratio in the second medium, (c)
and (e) show a varying Poisson ratio in the first medium, (d) shows varying values of
Poisson’s ratio that are equal in both half-spaces, (f) shows varying values of Poisson’s
ratio that are equal in both half-spaces, and (g) shows varying values of the P-wave velocity
contrast (Castagna and Backus, 1993).



Model | p1/po | Vso/Vey | Vo /Ve, | Vs, /Vey | 00 | o1

A 1.0 0.58 1.25 0.00 |0.25|0.50

B 1.0 0.58 1.25 051 |0.25|0.40

C 1.0 0.58 1.25 0.67 |0.25|0.30

D 1.0 0.58 1.25 0.72 10.25|0.25

E 1.0 0.58 1.25 0.76 |0.25|0.20

F 1.0 0.58 1.25 0.80 |0.250.15

G 1.0 0.58 1.15 047 10.25|0.40

H 1.0 0.58 1.15 0.74 10.25|0.15

I 1.0 0.41 1.25 0.51 |0.40|0.40

J 1.0 0.58 1.25 0.72 10.25|0.25

K 1.0 0.64 1.25 0.80 |0.15|0.15

L 1.0 0.41 0.80 0.46 |0.40|0.25

M 1.0 0.64 0.80 046 |0.15|0.25

N 1.0 0.41 0.80 0.33 |0.40|0.40

@) 1.0 0.64 0.80 051 |0.15|0.15

P 0.9 0.58 1.15 054 |0.25)|0.36

Q 0.9 0.58 1.25 0.58 |0.25|0.36

R 1.0 0.64 1.25 0.72 10.15|0.25

S 1.0 0.41 1.25 0.72 10.40|0.25

Table 2.2: Parameters for Zoeppritz models from Figure (2.2).
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2.2.2 Issue with exact solutions

Reflection and transmission coefficients can be found by solving the Zoeppritz equations.
Depending on the incident plane wave, two sets of Zoeppritz equations may be derived; one for
P-wave and one for S-wave. As shown by Innanen (2013) for incident P-waves in elastic media,
an expression in the form of a series is possible for Rpp, Rps, Tpp OF Tps in the Zoeppritz
equations. Within Innanen (2013), a four-by-four matrix configuration is shown to represent the
weights that are associated with Rpp, Rps, Tpp and Tps, in this type of representation of the
Zoeppritz equations. Either one of Rpp, Rps, Tpp Or Tps May be solved using Cramer’s rule.
Solving for one of these coefficients using Cramer’s rule would result in a series that is very
difficult to interpret analytically. Hence, one factor that motivated the development of AVO
approximations was to not only have a means to analyze parameter changes more easily, but to

also reduce computational costs.

2.2.3 AVO approximations

Approximations are extremely useful for practical applications as they more readily reveal the
information content contained in the amplitude behaviour and provide the basis for certain AVO
processing techniques (Castagna and Backus, 1993). Bortfeld (1961) linearized the solutions of

the Zoeppritz equations by assuming small changes in layer properties and obtained

2

v 0,1 (si

Rop (6,) =2 In| SAAZ2%0 | SING, | (2 _y2) 2. Al p) | 2.5)
2|V, €086, A o 'n(Vsl /Vso)

The parameters in equation (2.5) are as follows: V,Vs, and p are the P-wave velocity, S-wave
velocity, and density respectively; 6 is the incidence angle that the plane wave makes with

respect to normal of the interface; and the subscripts ‘0’ and ‘1’ represent the medium above the
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interface and the medium below the interface respectively. This approach was also followed by
Richards and Frasier (1976) and Aki and Richards (1980) who derived a form parameterized in
terms of the changes in density, P-wave velocity, and S-wave velocity across the interface
(Castagna and Backus, 1993). The mathematical form of this AVO approximation is shown in
chapter 1 equation (1.2). Other AVO approximations appear in the form

Vi, p €086, —V,, p, COS &,

, (2.6)
V0,08 0y +V,, p, COS 6,

Rep (‘90) =

which is referred to as the ‘acoustic’ reflection coefficient. Shuey (1985) also presents an AVO

approximation that is similar to the Aki and Richards (1980) approximation

Rer (6,) ~ Rs +[ADRP +(ijsin2 6, +%\A/VP (tan* 6, —sin’ g, 2.7)

2
-0 Pavg

where, Rp is the normal incidence reflection coefficient, and A, and B, are given by

A =B,-2(1+ BO)(ll_ﬁj, (2.8)

— O
and

AV, IV,
AV IV, +Apl

(2.9)

0

2.3 Poroelasticity

Exploration geophysicists are interested in the inelastic attenuation and dispersion of plane
waves resulting from the presence of fluids in the pore space of rocks (Miller et al., 2010). It is
believed that an understanding of fluid-related dissipation of seismic wave energy in

hydrocarbon reservoir rocks, combined with improved measurements of attenuation and/or
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dispersion from recorded seismic data, may be used in the future to estimate the hydraulic
properties of these rocks (Muller et al., 2010). A major cause of attenuation in porous media is
wave-induced fluid flow (WIFF), which occurs at different spatial scales — macroscopic,
mesoscopic, and microscopic (Carcione et al., 2010). WIFF occurs as a passing wave creates
pressure gradients within the fluid phase and the resulting movement of the fluid relative to the
solid (fluid flow) is accompanied with internal friction until the pore pressure is equilibrated
(Mdller et al., 2010). WIFF’s classification depends on the length scale of the pressure gradient
(Mdller et al., 2010). If a body wave propagates through a spatially homogeneous, permeable,
fluid-saturated rock, it will create pressure gradients between peaks and troughs of the wave

(Muller et al., 2010).

The theories of poroelasticity are essential in many geophysical applications where pore-filling
materials are of interest, e.g., oil exploration, gas-hydrate detection, seismic monitoring of CO,
storage, and hydrogeology (Carcione et al., 2010). Modern poroelastic theory was introduced by
Maurice Biot in the 1950s (e.g., Biot, 1962; Bourbié et al., 1987; Allard, 1993; Carcione, 2007),
who obtained the dynamic equations for wave propagation in a fully saturated medium (Carcione
et al., 2010). Since Biot presented his work on poroelastic wave theory in the early 1960s,
significant research on poroelastic wave propagation has been conducted (Ren et al., 2009).
These equations predict the effects of movement of the pore fluid relative to the solid skeleton on
seismic waves propagating through the rock (Gurevich et al., 2004). According to Biot’s theory,
seismic waves propagating in a homogeneous poroelastic medium are not attenuated

significantly in the seismic frequency range of 0-200 Hz (Ren et al., 2009).
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Russell et al. (2011) make use of these fundamental equations due to Biot (1941), which relate

the dry elastic moduli to saturated moduli where

A = Ay +°M (2.10)
Ky = Koy +a’M (2.11)

and
Moy = gy - (2.12)

Lamé’s constant A, bulk modulus K and shear modulus u are represented here. These three
relationships show how A, K, and u can be compensated when fluid is present. The a?M term
that appears in equations (2.10) and (2.11) is the fluid modulus, the dissipative term
corresponding to viscoelastic effects associated with the squeezing of the fluid in the small,
crack-like volumes surrounding the areas of contact inside a pore (Biot, 1962). The term « is

referred to as the Biot coefficient, and is defined as
a=1-—2, (2.13)

where K.y is the elastic bulk modulus and Ky, is the bulk modulus of the mineral. The term M is

M :(“—_%i]_ , (2.14)
K. K,

where a is the Biot coefficient, ¢ is the porosity, and Ky is the bulk modulus of the fluid.
Equations (2.10) — (2.12) can be inserted into the elastic P-wave and S-wave velocity equations
in order to account for fluid. For elastic media, expressions for P- and S-wave velocities can be

written such that
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K+(4/3

P P P

and
v2=£, (2.16)
yo,

According to Russell et al. (2011), by substituting equations (2.10) — (2.12) into (2.15) and

(2.16), the poroelastic expressions for V, and Vg become

A +20, +a*M K, +(4/3 +a’M
(Vp )szat _ dry Hat _ dry ( )/usat , (2 17)
Psat Psat

and

V) =Mt (2.18)
( S)sat Dot

Since equation (2.18) does not include the fluid modulus a?M, the poroelastic S-wave velocity

remains unchanged.

2.4 The Russell-Gray linear poroelastic AVO model

Russell and Gray (Russell et al., 2011), using the foregoing framework, proposed a linearized
poroelastic AVO approximation, building on work reported by Russell et al. (2003). Russell et
al. (2003) discusses how to obtain fluid from seismic data by showing the lambda-mu-rho
technique originally discussed by Goodway et al. (1997). Fundamentally, the lambda-mu-rho
technique can extract Ap and pp from seismic data by taking the squares and differences of the P
and S impedances. Gray et al. (1999) provides two AVO formulations that model the subsurface
aseither K —u — p or A — u — p. By combining Gray et al. (1999) and Goodway et al.’s (1997)
lambda-mu-rho techniques, Russell et al. (2011) were able to derive a generalized expression for
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poroelastic media. That expression is what we will refer to as the Russell and Gray

approximation:

B 2 2 2
R (0) = [ —%—W]Sec g}ﬁ{y"’y seczﬁ—izsinze Au

2 4 f 4y?
L Vsat Vsat Vsat H (2.19)
1 sec’d |Ap
| 2 4 P

where 6 is the average between the incidence and refracted angle; y,c = (VP0 + Vpl)sat/
(v, + Vsl)Sat and yary = (Vp, + Vp,) ary/ (Vs, +Vs,) arg OF Bt and Ap are the differences in

fluid, shear modulus, and density across the interface; and f, u and p are averages.

2.5 Chapter summary

This chapter concludes with the Russell and Gray approximation in equation (2.19). This
equation is an approximation of exact AVO that is parameterized in terms of poroelastic
properties. Although this equation is linear, it is possible to derive a set of equations that is in
kind with the Zoeppritz equations that use the poroelastic parameters f, u, p. Before this is
shown, the following chapter will produce the Zoeppritz equations for elastic media such that

exact solutions of Rpp, Rps, Rss and Rsp can be calculated.
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Chapter Three: Exact expressions for poroelastic Rpp, Rps, Rss, Rsp
3.1 Chapter overview

In this chapter the Zoeppritz equations will be re-written using the poroelastic parameterization
of Russell and Gray. The equations take the form of two sets of four equations, one for the plane-
wave displacement reflection and transmission coefficients associated with an incident P-wave,
and one for those associated with an incident S-wave. The elastic forms are arrived at in section
3.2, and in sections 3.3-3.4. Each element in these equations is re-expressed in poroelastic terms.
This chapter will conclude with formal, exact solutions for poroelastic Rpp, Rpg, Rgs and Rgp by

using Cramer’s rule, in section 3.6.

3.2 A convenient formulation of the Zoeppritz equations

All 16 possible reflection and transmission wave fields are illustrated in Figure (3.1). In order to
calculate the displacement amplitudes of one of the 16 wave fields, a ratio of the reflected and
transmitted wave field and the incident wave field is needed. For instance, SS;ef/Sinc Will give

the displacement amplitude ratio of a reflected S-wave and PS;;ans/P;,

nc

will give the
displacement amplitude ratio of a transmitted P-wave, and so forth. All of the amplitudes
displayed in Figure (3.1) can be calculated using the displacement amplitude equations by Aki

and Richards (2002).
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Figure 3.1: Illustration of all of the wave fields that are generated from incident plane
waves. The short arrows indicate particle motion.

These 4 equations are as follows using the notation from Innanen (2011b):

sin(6,)(P, + Py )+cos(g,)(S, +Sg)=sin(8,)(P; +P)+cos(¢,)(S; +S)), (3.2)
and
cos(6,)(P, —Py)—sin(¢,)(S, =Sz ) =cos(6,)(P. —P/)-sin(¢,)(S; -S;), (3.2)
and
Ve Ve
2p0V° sin(6,)cos(6, ) (P, — Py )+ poVs, {1—2\/20 smz(eo)}(s, -S:)
& 2 P"Z (3.3)
= 2,01://81 sin(6,)cos(6,)(P: —P')+ pVs, {1—2&; sinz(é?o)}(sT -S),
and

30



2

Vg Vs, .
poVe, {1—2\;’; smz(eo)}(P, +P,)-2p, VSO sin (6, )cos (@, )(S, +Sz)

:"/2 32 (3.4)
= pVy {1—2\;; sin’ (490)}(& + P,')—Zplvsl sin(6,)cos (¢, )(S; +5).

R R

The incident P- and S-wave angles that are measured with respect to the horizontal plane are 6
and ¢ respectively; P;, Py, Pr are the displacement amplitudes for the incident, reflected, and
transmitted P-waves respectively; S;, Sg, St are the displacement amplitudes for the incident,
reflected, and transmitted S-waves respectively, and P," and S;’ indicate displacement amplitudes

for incident P- and S-waves approaching the boundary from the lower medium respectively.

3.2.1 Case 1 — incident P-wave

Reflection coefficients are produced by the ratios of the displacement amplitudes of the reflected
and incident waves. Transmission coefficients are also ratios but of the displacement amplitudes
of the transmitted and incident waves. For the case of an incident P-wave these ratios are

P S P S
Ry, ==, Roe = =%, T, =—, T =—. (3.5)
PP | PS P PP P PS P

These ratios can be found in equations (3.1) — (3.4). By doing so, it is possible to derive the
Zoeppritz equations in convenient matrix notation. As an example, equation (3.1) will be used to
demonstrate how to achieve one row of the matrix-notated Zoeppritz equations as shown by
Keys (1989). The displacement amplitude equation in (3.1) represents the first row of Keys
(1989). To confirm this statement, two conditions must be applied to equation (3.1): the first is to

apply S; = P = S, = 0 and the second is to divide the equation by P;. Doing so results in
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: P, . Ve o S, Vo . P Ve S
sin(g,)+-=sin(6,)+ [1-—2sin?(6,) =R =—tsin(6,)=+ [1-—=sin’(6,) =.

(0) P| (0) \/ Vpi (O)P| V (O)P V2 (O)PI

In equation (3.1) the trigonometric identity cos? 8 + sin? & = 1 and Snell’s law are used to write
the expression in terms of 8,. After application of the trigonometric identity, Snell’s law and

substitution of equation (3.5), the equation becomes

: A A A :
_s|n(¢90)(RPP)—\/1—VS§ S|n2(00)(RPS)+VPl S|n(¢90)(TPP)+\/1—VS; sin?(8,) (Tes ) =sin(8,) -
PO PO PO

This is the first row equation found in Keys (1989). If equations (3.2) — (3.4) undergo the same
process as shown for (3.1), a matrix representation of these four equations can be derived where
Rpp, Rps, Tpp, and Tpg form a column vector and the weighting factors in front of these
coefficients become the elements inside a matrix P. The remaining terms that are not coupled
with a reflection or a transmission coefficient are then moved to the right hand side of the equal

sign. In matrix notation, the result is

=m,, (3.6)

%—| 3;0 20

g—l

where P contains sixteen elements defined by the elastic parameters Vp, Vs, p, and 6,. The
sixteen elements in matrix P are the weighting factors that are coupled with Rpp, Rps, Tpp, Tps

are arranged as

Ar A A A

p— Ar Ay Ay A, . (3.7)
Ar Ap Ay Ay
Ar Ap As Ay
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The vector on the right hand side of equation (3.6) is a vector containing 4 elements of a’s and is

written as

e

N

(3.8)

D oo @

All of the A;; elements in the first row of P are defined as

A, =-sing,,

the elements of the second row are
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the elements of the third row are

%1:2£

Ay = _[_
o

the elements of the fourth row are

A44 — z[pl
o

<

V

2
So

R

VS2
— siné,
VPO

: Jsin 0, [1—sin2490}1/2,

nN|

i
{ge]

[ i e

1—(\/;)
VZ
V V.2

L | | S
Ve, Ve,

V.2 V.2
—% |sing, =
V Vpo

and the elements representing the vector m, are

<

\/—] in 90:|,

1/2
]sinzeo} ,
Jsinzeo},

1/2
Jsinzec,] ,

a, =sing,

a, =[1-sin’ 6’0]1/2 ,
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VZ . . 1/2
a, = Z(ng Jsm O, [1-sin*6, ",

R

VZ
a,=[1-2 VSS sin?4), |.
PO

3.2.2 Case 2 — incident S-wave
The reflection and transmission coefficients for incident S-waves are produced in the same
manner as shown for case 1. These coefficients are shown as displacement amplitude ratios of

the reflected or transmitted wave and the incident wave. They are

S P S
Rss:_R' RSP=_R’ Tssz_T’ TSP=S_T' (3'9)
I I | I

;0

From displacement amplitude equations (3.1) — (3.4), deriving a set of S-wave Zoeppritz
equations is demonstrated by setting P, = S; = P, = 0 and dividing by S, throughout. The result
is a set of modified equations that can be written in convenient matrix notation where the result
is a four-by-four matrix. The matrix S contains the weighting factors for Rgg, Rsp, Tss, Tsp. Any
factors that are not coupled with either a reflection coefficient or a transmission coefficient are

moved to the right hand side of the equal sign. In matrix notation, the result is

S| _*l=mg, (3.10)

where S contains 16 elements written in terms of elastic parameters Vp, Vs, p, and 6. This matrix

is written as
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0

=

N 'SUJ
o Bw BUJ
o ﬁm .;UJ

: (3.11)

[
W
[
by

W W
®

W W

I

o

&

o

®

and the vector mg is a vector that is not coupled to a reflection or transmission coefficient and is

a column vector such that
(3.12)

The elements contained in the first row of equation (3.10) are

B, = [1_Sin2 (00]1/2 )

Vg
B Va g
=—| — |sing, ,
14 Vso Dy
we find in the second row of equation (3.10)
B,, =sing,,

Vz 1/2
R
B,, =[1(VSiJsm2goo} :
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V V2 1/2
BSZ_ZLiJSin%ll_L Z’Jsinzq)o] ,
VSO VSO
V, V2
B, =| — || 1-2| - |sin? g, |,
N (Vso][ (Vsi] 0

the elements of the fourth row are

B,, =—2sing, [1-sin’ %]1/2 :

R

B V
42—V

V2
{24
Lo S
P
.2
o

Finally, the elements of the vector mg are

So

](1—25in2¢)0),

2 1/2
- Vsl -2
sing, | 1- V7 sin“g, |
So

Vs,

A Ve .
_]L1_2£Vsi Jsmz%}
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b, =[1—sin2g00]1/2,
b, =sing,,
b, =[1—2$in2¢0]1/2,

b, = 2sin ¢, [ 1—sin’ (pojﬂz.

3.3 The transformation from Vp, Vs, pto f, u, p

The equations for the velocities Vp and Vs are written as follows

K+ﬁy
V2o 3" _A¥2u (3.13)
P p
and
v2=~£, (3.14)
Yo,

where K, u, A and p represent bulk modulus, shear modulus, Lamé’s parameter, and density
respectively. As previously mentioned in chapter 2, Russell et al. (2011) show that a fluid term
can be integrated into the numerator of the P-wave velocity equation to compensate for fluid-
filled media. This fluid term is written in terms of the Biot coefficient « and modulus M such

that f = a?M where

K
_q ey 3.15
a K (3.15)
and
-1
M= 20,9 | (3.16)
Km KfI



In these two equations, Kgry, Km, Kn are the bulk moduli for the matrix skeleton, mineral, and

fluid respectively and ¢ represents the porosity. To calculate the P-wave velocity of a medium

that contains fluid, the P-wave velocity equation becomes

4
Kiy ¥ oty + T 2 10, 4f
(), ——2 =" (317)
st psat psat

where the subscripts ‘sat’ refers to media that is saturated in situ and ‘dry’ refers to a medium
that is drained of fluid. The S-wave velocity equation remains unchanged as it does not include a
fluid term (Russell et al., 2011). Equation (3.17) is fundamental in transitioning from parameters
Vp, Vs, pto f, u, p inthe Zoeppritz equations. Since p does not need to be substituted in the
transition and u can be written in terms of Vs and p from equation (3.14), this leaves the fluid
term. By using equations (3.17) and (3.14), f can be written in terms of elastic parameters such

that

f= (p)sat (VPZ )sat - 7/dzry ('u)sat ! (318)

2

14 A K 4

WherEY§ry= (V_P) =%+2 =%+E
S/ dry

3.4 The P-wave and S-wave Zoeppritz equations in poroelastic terms (f, u, p)
3.4.1 Incident P-wave

There are ratios that appear in both the P- and S-wave Zoeppritz equations that appear in
different combinations for velocity and density. For the P-wave Zoeppritz equations, there is a

single density ratio and three V /Vs ratios where Vp appears in the denominator. Using Russell
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et al. (2011), equation (3.19) shows that the ratios appearing in the P-wave Zoeppritz equations

can be written in terms of poroelastic parameters f, u, p. Those ratios are

A (gJ

Po £o

Vsi Ho

Ve s+ 1)

foz &](Sl+flJ
VPi P S+ T
VPi P S+ T

where s = 2+ 2u = K + (4/3)u. By substituting these ratios into the A;; elements of equation

(3.19)

(3.6), the resulting elements for the case of an incident P-wave become

A, =-sing,,

1/2
Azz{l—[%/i—o%]sinzéo} ,
A {(&}[_Sﬁ fy ﬂmsine
’ P\ S+ a
1/2
A&AZ_|:1_£%:J[SOTfojSin290} ’

the elements of the second row are

A, =[1-sin® 90]1/2 ,

1/2
Aﬂ:—[ a J sing,,

s, + Ty
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the elements of the third row are

]sm@[l sin?g, |,

@ ]
il J( 2 { ( o

the elements of the fourth row are

Ly
=—|1-2| 2> [sin? @, |,
12
Hy ; Hoy 02
=2 sindg,|1- sin“ @ ,
Ao (SO+fOJ 0[ [so+f0j 0}
- f 1/2
2ezt)] 2 mel
P )\ St o A\ S+ o
1/2
H ; o H . 2
=2 sing,|1-| — sin“ 6, ,
A So"'fo] 0{ (le(so"'foj O}

and the elements representing the vector m,, are

(s+f
f

S-l-

%3:2
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a, =sing,,
a, =[1-sin’ 6’0]1/2 ,

a, = Z(Afjsin O, | 1-sin® 90]”2 ,

SO+ 0
a, ={1—2[Ljsin200]
s+ o

3.4.2 Incident S-wave

For the S-wave Zoeppritz equations, velocity and density ratios are also found as in equation

(3.19). These ratios can also be written in terms of the poroelastic parameters used by Russell et

ala)

Lo Lo

VPi Sot fo J
Vsi Hy ,

Vsi P Ho ’
2
Vsi Hy )\ P

These ratios can be substituted into equation (3.10) so that the B;; elements transform to the

al. (2011) and are

(3.20)

poroelastic case where the first row of S becomes

B, = I:l_Sinz (/70]1/2 '

f 1/2

+ .

Blzz_(so Oj S|n¢0,
Ho
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12
B, = 1—[ﬁ][&)sin2¢o ,
Hy J\ P
; 12
B14 :{(&](Sl'i‘ 1j:| Sin(l)o ’
j2i Ho

B,, =sing,,

and the second row changes to

r f 1/2
B, =— 1—(5“—0 sinzgoo} ,

- -2
B, = [ﬁ] &j sing, ,
Hy )\ P

the elements of the third row become

B, =1-2sin’ ¢,,

1/2
B,, = 2sing, {1—[30 + o jsinz %} ,
Hy
1/2
(5] [N )
Lo My J\ Py WA
f 1/2
B, = Z(ﬂjsin @y {1—(&j(hjsin2 %} :
Hy P Hy

the elements of the fourth row become

B,, =—2sing, [1-sin’ %]1/2 :
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1/2
B43:2(ﬂ Singoo[l— ﬂ](&jsinz%} :
Ho Ho J\ P

[-(al2)en)

el
e\ )
b, =[1-sin’ (pOTJZ ,

Finally, the elements of the vector mg change to

b, =sing,,
b, =[1-2sin?¢, | ",

b, = 2sin ¢, | 1—sin’ %]1/2.

3.5 Solutions for Rpp, Rps, Rss, Rsp

The exact solutions for Rpp, Rps, Rss, and Rsp can be found by using a technique known as
Cramer’s rule where a system of linear equations contains an equal number of unknown
parameters as data points. Each solution is found by taking the determinant of an augmented
matrix and dividing by the determinant of the un-augmented matrix where

_ deth; R _ dethg R _ detS, R _ detS,
PodetP’ ™ detP’  *  detS’ ¥ detS

(3.21)

The augmented matrices P, and Pg are written such that a column is replaced by the vector mp
and likewise Ss and Sp are written such that a column is replaced by the vector mg. These

matrices are shown as
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1

q A Ay Ay Av a Ay Ay
P, = a A, Ay Ay P = Ay 3, Ay Ay ,
G Ay As Ay Ay 3 Ay Ay
2 A Ag A [ Ar & Ag Ay (3.22)
I b B, B; By I B, b B, By
S, = b, By, By By . S, = By, b, By By
b, By, By By By by By By
b, B, B; By By b, By By

3.6 Chapter summary

Equations (3.21) are exact, though formal, solutions for displacement reflection coefficients in
terms of poroelastic parameters as used by Russell et al. (2011) in their linearized expression.

In the following chapters we will investigate series expansions of Rpp, paying particular attention
to (1) their consistency with the Russell and Gray f — m — r equation, and (2) the importance of

their higher order (nonlinear) terms.
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Chapter Four: Series solutions for poroelastic Rpp
4.1 Chapter overview

Leading from the end of chapter 3 which showed the formalism of deriving exact poroelastic
solutions of Rpp, Rps, Rss and Rgp, chapter 4 will show how to achieve a series solution for
poroelastic Rpp. This chapter begins by defining a set of perturbations in f, u, p in section 4.2
that will re-parameterize the P-wave Zoeppritz equations. Section 4.3 will demonstrate the
application of a Taylor series expansion of each element of the Zoeppritz equations; this will be
followed by the product of calculating the determinant ratio of the augmented and un-augmented
P matrix. Section 4.4 will show how to write perturbations in terms of reflectivity and finally

section 4.5 will discuss the (yl)ﬁry parameter how this parameter affects the series solution for

poroelastic Rpp.

4.2 The poroelastic P-wave Zoeppritz equations in perturbative form

From chapter 3, the poroelastic P-wave Zoeppritz equations are in terms of f, u, p. To re-
parameterize the poroelastic P-wave Zoeppritz equations, we will first define a set of

perturbations for poroelastic media such that

f
a, =1--2, auzl—%, apzl—%. (4.1)
1 1

The ratios found in chapter 3 in equation (3.19) can be written in terms of perturbations.

Substituting equation (4.1) into (3.19) yields
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2-p-s,)

2o

£ j=(%)§§’

So+ 1o

S (o S S B
) ). ts) s

P\t Ty (7o)

Of these four ratios, the first ratio is the simplest to write in terms of perturbation. The second

ratio is the inverse of V5 /V¢ and is written using (y)s5 to maintain consistent notation with

Russell et al. (2011). The fourth ratio can be shown to be true by
-1
[&j( H ]_[ﬂ}(l_ap) _(1_au) (1_8‘/7)
- Hy = 2 '
o\ sy + 1y My ) So+ Ty (70 )sat

and the third ratio is the most complex where the ratio can be shown by

ﬁ :[&J[SlJr flj: S + f1>< Lo

Vpi o \sy+ 1y o so+ 1, ’

=(1-a,) 5 _, }
ERR R

(1a)| Wt B2 )1]

PoVPZ0 pOVPi

-1

(7)o 6 (1-2,) " [0V = (o) )2 20)
povpj pOVPZO

(70)Zry _a Y _% —a Y
[WJ( 4 [ m}“ *ﬁ'
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Note that this derivation of V£ /V3 uses (Vo)ﬁry in place of (yl)ﬁry in the third line of this
equation. The parameter that reflects the skeleton framework of the lower medium s; should
contain (y1)gry @ 51 = (¥1)aryks. The justification to not use (y;)3,y is the result of the number
of weighting factors that are found when deriving the linear solution for poroelastic Rpp. There
are 28 weighting factors coupled with the a, term, 28 weighting factors coupled with a,,, 31
weighting factors coupled with the a,, term and an additional 32 weighting factors that are not

coupled with a perturbation. This will be discussed further in section 4.5. Nevertheless, these

ratios may be substituted into the poroelastic P-wave Zoeppritz equations.

By substituting the perturbations of equation (4.1) into the poroelastic P-wave Zoeppritz

equations, the elements in P will change such that the first row becomes

A, =-sing,,

1/2
A, = —[1—(7/(,);tsin2 00} ,

1/2

the elements of the second row become
. 1/
A, =[1-sin*, ] g

Ay, :_(70)sat sing,,
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1{@ap{[ﬁjj)))zw](laﬂ)%[lij‘;))zw]<1af>lﬂsinwo] |

the elements of the third row become
2 - . 2 1/2
Ay =2(7,)., sin6,[1-sin’ 4, |,

A, :(7o)sat [1_2(70); sin’ 90]

A, =2(1-a, )1[(1a/(17)/0 )(Zla”)}sin 6,

{1[@%)[[(;2;?}(1ay>l+L1((jj);zw}laf)lﬂsma%] |

AM(1ap)l{aaﬂ)l(lagj”{l{(laﬂ)l(lap>]sin2%],

(70 ):at

—~

the elements of the fourth row become

A, = —[1—2(%); sin? 90] ,

49



A =2(7,).,Sin6, [1—(% ) SIN° HOT/Z !

12

As :(1_87’)71 (1_ap) {%J(l_aﬂ)l"'{l_%](l— a; )_1

(70 sat (7/0 )sat

-1
x|1-2 (1—a}(})/ )(zl_ap)}sinzeo :
0 Jsat

1/2

nom2fica,) [ B )|y [0-a) o)

sin“g, | ,
(70 )sat (}/0 )sat

and the elements of the vector m, become

a, =sing,,

a, = [1—sin2 00]1/2 :

1/2

3, =2(7, )., sin6,[1-sin’ 6, |,

a, = [1—2(7/0 ), sin? 490} :

4.3 Series expansion of the solution for Rpp
4.3.1 Expansion of each element of the Zoeppritz matrix

After having written the 4;; elements in matrix P and a; elements in vector m in terms of
perturbation, the next step involves using Taylor series expansion. The Taylor series expansion

will be applied to each element in orders of sin? 8,, as, a,, and a,.

This will result in changes of the first row of P to become
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A, =-sing,,

1 ]
A, = _1+§(y° );t sin’ @,

2 2
. 1 (), |. (70)4 . (1 . j
—sing +|| =— Y sing Y sing. la —| =sing
A, =sin 0+[[2 2(}/O):at]sm O}aﬁ[z(%); sing, |a, —| 3sin6, ja, +

1 . 1 ., 1 .,
A,=-1+——--sin" gy +| ——-sin“ g, |a, - sin“g, |a, +...,
' (7/0 )szat 0 2(7/0 ):at ) 2(7/0 )szat )

changes in the second row of P to become

A, =1—%sin2 0, ,

Ay, :_(7/0)sat sing,,

2 2
. 7 . Yo )ay . .
A, _1-Lin2 0, F[l%]smz eoiaf [msm2 eoJaﬂ +(%sm2 eojap +,

2 2 (yo)sat 2(7/0)52at

1 . 1 1 .
A, = sing +(—]a,—[ sm@]a +.
) (}/0 )sat i 2(}/0 )sat ' 2(7/0 )sat ’

changes in the third row of P to become
Ay =2(7,).,Sin6,,

Ay =(70)w [1_2(70 )szat sin’ 90]

. 2 .
A, = sm¢90+{—25|n6?0ja#+...

(7/0 ):at (70 )sat
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1 2 . 2 . 1 2 .
= 1-——-sin’g, |+| —-sin* @, - 1-——-sin’ g, | |a,
A L(?”o)sat ]( (7/0)5at J"'[(%)sm 2(70)sat [ (7o)sat J}

2 ) 1 2 =2
+| — sin“ @, — 1- sin“é@, | la_+...,
[ (7/0):alt ° 2(7o)sat£ (70); OJJ 0

changes in the fourth row P to become

Ay =2(7,).,sin% 6, -1,

A, =2(7,).,sSin6,,

2
A43=1izsin26’0+{l (%)drzy J[l( 22 sinzé’oJaf

(70)sat 2 2(70)sat yo)sat
2

+ (%)drzy [1— 22 sinﬂﬂ&—izsinz&’0 aﬂ+[l+ 12 sinZHOJap+...,
2(7/0 )sat (7/0 )sat (7/0 )sat 7 (70 )sat

sing, J{Lzsin eojaﬂ +..

Ay = 2
(7/0 )sat

Finally, changes in the elements of m, to become

7o sat

a, =sing,,
a, :1—%sin2 0y,

a, = 2(7/0)52Eit sindg,,

a, =1-2(y,)., sin* 6.
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4.3.2 Expansion of the determinant ratios

Expanding the ratio of determinants of the four-by-four matrix P required the use of
mathematical processing software Maple to calculate Rpp. Using compact notation, the solution
of Rpp is

R, =RWY+REZ +RY + .., (4.3)

where the first, second, and third order terms are contained within RS}, Rl(,zp) and Rl(fl’,)

respectively. Equation (4.3) is the symbolic representation of the exact series solution of Rpp.
For a first order poroelastic AVO approximation, RP(,ZP), RSP? and etc are neglected. This is an
approximation of the exact solutions and is written as
R. ~RY, (4.4)
the second order approximation includes both first and second order terms which means
Ree = Rig +RE, (4.5)
and the third order approximation includes the first, second, and third order terms such that
R, ~RY +REZ +RY, (4.6)

and etc. There are three weighting terms found in RS:)’ six in RP(,ZP), and ten in Rf(,gl‘,). Explicitly,

RS} appears as

2 . 2
1+sin® @
RY(6,)= 1—(7/0)dry (L+sin’4) a, + )y (1+sin20)——2 sin’ g, |a
pp (Y0 2 4 f 2 0 2 0 | %y
(7/0 )sat 4(7/0 )sat (}/0 )sat (47)
[1 sin? g, |
+|=- a,
4 4 P
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which has the same number of weighting terms as Russell et al. (2011). Due to equation length,

the second and third order poroelastic Rpp terms are found in appendix A.

4.4 Transformation from perturbative form to reflectivity form

Aki and Richards (2002), Shuey (1985), Russell et al. (2011) and others use model parameters
known as reflectivities to parameterize AVO approximations. Russell et al. (2011) use
poroelastic model parameters f, u and p to characterize gas-saturated sands. The reflectivity

terms are

A _2(fi-f) M _2(m-m) s _2(p-p) 4.8)

f f+f Y A P PP
Using the definitions for perturbations in equation (4.1) and the reflectivity definitions in (4.8),
reflectivity can be written as a series of perturbations. It can also be shown that for small
property contrasts, when reflectivity is small in value, reflectivity is approximately equal to

perturbation such that

A _2(fi-f) 1-f/f A 3,

f i+t 1+ f/f T1+(l-a,) 1-(1/2)a

1 1Y
=a; |1+ Eaf + Eaf +..|=a;.

This shows fluid reflectivity as a fluid perturbation series. By inspection of equation (4.8) and

(4.9)

(4.9), reflectivities Au/u and Ap/p will yield the same symbolic result as (4.9). Using equation
(4.9), fluid perturbation a may be written in terms of fluid reflectivity Af /f using series
reversion. This is accomplished by defining an inverse series for a, where

a; =a; +a; +... (4.10)
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By substituting equation (4.10) into (4.9), equating like orders will then produce an expression

for as such that

a, AL _L(AFY @11
A .

The symbolic forms for the shear modulus and density perturbations and reflectivities are

identical therefore the shear modulus and density perturbation inverse series are

2
aﬂ:A—“—l(A—“] T (4.12)
uo 2\ p
and
Ap 1(ApY
ap:—p——(—pj o (4.13)
p 20 p

Using the fluid, shear modulus and density inverse series’ in (4.11) — (4.13), substitutions of
those into (4.1) will create a set of poroelastic P-wave Zoeppritz solutions that measure relative
changes in reflectivity terms rather than perturbation. The steps that are applied in order to derive
an exact series solution for poroelastic Rpp using perturbation contrasts are the same for
reflectivity. Due to length, the second and third order poroelastic Rpp approximations are left in

appendix A; however, the first order approximation is

RPP(QO)Z 1_(70)c2;ry (1+Sin200) £+ (7/0)22/ (1+Sin290)—i25in260 A_,U
(70)sat 4 f 4(70)sat (70)sat H (414)
1 sin?6, |Ap
sl

where this solution contains the same weighting coefficients as the approximation in equation

(4.7).
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4.5 The (¥1)3ry Parameter

As mentioned in section 4.2, use of the (y;)3,, parameter instead of the (y,)3,, parameter in the
Vlt?l/Vlf?0 ratio produces different analytical series solutions in Rpp. FOr convenience, the series
solution containing the (yl)ﬁry parameter will be the (yl)ﬁry series solution and the series
solution containing (Vo)ﬁry will be the (yo)ﬁry series solution. Numerically, these two series

solutions are compared with the exact solutions. The result of this comparison shows that for
small perturbations, the two series solutions are approximately equal as shown in Figure (4.1a).

As the perturbations increase however, the (h)ﬁry series solution begins to diverge more quickly
from the exact solution than (Vo)ﬁry series solution. In Figure 4.1 the blue curve represents the

exact solutions, the red curve represents the (yl)ﬁry solution and the blue curve represents the

(Yo)ary Solution.
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Figure 4.1: These plots compare the exact series solutions (blue) with the linear Rpp
solution that uses (yl)ﬁry (red) and the linear Rpp solution that uses (Yo)ﬁry (black).

4.6 Chapter summary

The approximation shown in equations (4.7) and (4.14) is the result of deriving a series solution

for Rpp in terms of poroelastic property contrasts. These two equations are different by how each
equation measures poroelasticity, equation (4.7) is in terms of perturbation and (4.14) is in terms
of reflectivity. The weighting factors however, are identical and equation (4.14) will be

compared with the Russell and Gray approximation in the next chapter. Numerical modeling will

also be explored in the next chapter.
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Chapter Five: Exact, linear, and nonlinear poroelastic AVO modeling: validation and
analysis

5.1 Chapter overview

The forms for the first, second and third order poroelastic AVO approximations are shown in
section 5.2. The linear derivation of Rpp Will be compared with the Russell and Gray
approximation for the purpose of showing that they agree with each other in section 5.3.
Following is a numerical study of the exact, linear and nonlinear approximations in both
perturbation and reflectivity domains to illustrate the benefit of including low-order nonlinear

terms.

5.2 Forms for first, second and third order series approximations

Using the methods shown in chapter 4 illustrate how to apply Cramer’s rule to produce series

solutions, the exact expression for PP reflection coefficients involves all corrective terms
RF(,? + Rf(,zl.? + RP(,S;,) + ---. The linear approximation involves only the first order corrective term
RS} and the second and third order approximations include corrective terms RS} + RP(,? and

Rl(,},) + Rl(j,) + Rl(,?, respectively. These approximations in the perturbation and reflectivity
domains create two sets of approximations that bring the total number of approximations to six.
In the set of approximations that involve perturbations, the first order approximation is

Rep W, 8 +W, &, +W, a_, (5.1)
the second order approximation is

- 2 2 2
Rep W, a; +W, &, +W, a +W, a; +W, a, +W, a (5.2)

+W, a;a, +W, a;a,+W, a,a ,

and the third order approximation is
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2
Rep W, a; +W, a, +W, a, +W, af +Wa5aﬂ +W, a;

+Waa+Waa+Waa+Wa+Wa+Wa
a THTp a, P

(5.3)
+W, a a,+W, a a +Wa15aﬂaf +Wa16a#ap +Wa17apaf

+W, aa +W, a;aa,,

where the weighting factors are represented by W,. There are three weighting factors in the first
order approximation, nine in the second order approximation and nineteen in the third order
approximation. In the second set of approximations that use reflectivity, the first order

approximation is

Rop =W, £+WA2 A—”+WA3 Ap (5.4)
f H P

the second order approximation is

2
RPPzWA1%+WAZ Au W, A2 L w, (Affj +WA5(A—yj

H P U (5.5)
+W, (Ap] W, = Af Au WABE— +w, =4 Aunlp
p fu fp uop
and the third order approximation is
2
R =W, 2w, 2w 224w, (AfJ +WA5(A—”}
f H P f u
2
+WA6(A_p aw, A Af Au W, Af Ap WQA/J Ap
p fu f op “op
AFY AuY ApY AFY A
+W, | — | +W, (—j +WA12ap( pj +W, [_j fad (5.6)
f JZ o f) u
AFY A A\ Af AuY A
+WA14 e _'D WA15 (_luj re W16 (_luj _p
f)p % “) p
Apj Af (Ap]z Au AF Au Ap
+WA17 T T sl L |, 19 T
p) f p) H foup




This set of approximations shows the same number of weighting factors as the perturbation-

based approximations.

5.3 Agreement of first order Rpp With expression of Russell and Gray

Russell et al. (2011) have presented a linearized poroelastic approximation for PP reflection
coefficients that resembles forms shown by Aki and Richards (2002), Shuey (1985), Wiggins et
al. (1983), and Smith and Gidlow (1987). This formulation is able to invert seismic amplitude
data to predict a fluid parameter. To reiterate from chapter 2, the equation by Russell et al.

(2011) is

B 2 2 2
RéEG)(H)z ( —%—WJSGC e}g{y‘” secZG—%Sinze Au
y7,

2 a4 | |4y
: 7sat 7531 j/Sat (5.7)
2
N E_SEC 0 A_p,
2 4 Jp

where 6 is the average between the incidence and refraction angles, Af /f, Au/u, and Ap/p are
the reflectivities and y4,,, and v, represent average Vp /Vs ratios for dry and saturated media
respectively. From chapter 4, two linear expressions for Rpp are shown, one is written in terms of
perturbation and the other is written in terms of reflectivity. The first order poroelastic

approximation for reflectivity contrasts is

B 2 . 2
1+sin% 6,
Rop ~ (1(%)‘”}( i’ 6,) ﬂJ{@(Hsinz%)Lzsinzé?o A

2 2
L (7/0 )sat 4 f 4(7/0 )sat 7o sat H (58)
+_1_sin200}A_p.
| 4 4 o,

There are similarities between the Russell and Gray approximation and the first order poroelastic

approximation where the weighting factors are nearly identical. Using a small angle
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approximation on the first order approximation in equation (5.8) will show that it is consistent
with Russell and Gray. Applying the small angle approximation on the three sin? 8, terms, can

alter them to sec? 6,. The small angle approximation for sec? 6, is written such that
sec’ 6, ~1+sin*4,, (5.9)
which can be proven by

11
cos’d, 1-sin’g,

sec’ g, = =1+sin’ @, +sin* g, +... .

By substituting the small angle approximation (5.9) into (5.8) the equation becomes

2 2 2
R, ~ 1_(70)(;ry sec 90 £+ (70)dr;/ sec? g, - 22 sin? 6, A_,u
i (7/0 )sat 4 f 4(7/0 )sat (7/0 )sat # (510)
. 1 sec’d, Ap
2 4 | p

Equation (5.10) is the final result of the first order poroelastic AVO equation derived from the
elastic Zoeppritz equations. The differences in the Russell and Gray approximation derived by
Russell et al. (2011) and our first order approximation represented in equation (5.7) and (5.10)
respectively, are between the parameters 6 and 8y, Y4ry and (o) dry, and ysae and (y)sae- These
differences in V,/Vs ratios and plane wave angle show that the first order poroelastic AVO
approximation requires only information from the incident medium while Russell et al.’s (2011)
poroelastic approximation requires information from both layers. Otherwise, the first order

poroelastic approximation and the Russell and Gray approximation are consistent.
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5.4 Importance of low-order nonlinear poroelastic AVO: numerical study

In the following figures, AVO modeling is performed on scenarios consisting of two
homogeneous layers separated by a horizontal interface. The top layer contains its own unique
set of fluid, shear modulus, and density parameters as does the bottom layer. The numerical
AVO results are calculated such that the poroelastic parameters (f, u, p) are predetermined for
medium 1 and the poroelastic parameters for the top layer depend on the selected perturbation

(ar, ay, a,) or reflectivity (Af/f, Au/u, Ap/p) values chosen by the user.

For medium 1 the predetermined values are

f,=7.000GPa,
11, =3.000GPa,
p, =2.200g/cm®.

and medium 0O values are calculated using

-1
Af Af
fo=f(1-a,)= f{l—T(Hmj ]

te :M(l_aﬂ):;{ _A_ﬂ( +A_ﬂ)1

H 2Au
-1
_ _ Ap(, . Ap
Po—/?l(l—ap)—/?{ —7(“%} -

Figure (5.1) shows perturbation-based AVO modeling using equations (5.1) — (5.3) where all
three perturbation constants are equal as perturbation models increase simultaneously from
Figures (5.1a) — (5.1d). Figure (5.1a) shows the reflection amplitudes based on small
perturbation values a; = a, = a, = 0.100. These perturbation values predict exact Rpp

accurately. Figure (5.1b) shows the reflection amplitudes based on a 0.100 increase in
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perturbation for each perturbation parameter such that a; = a,, = a, = 0.200. This increase in
perturbation also increased the amplitude values across all approximations. An increase in

perturbation to ar = a, = a, = 0.400 shows a significant decrease in accuracy of the first order
approximation as well as an accuracy decrease for the second order approximation in Figure
(5.1c). Figure (5.1d) uses perturbation values of af = a, = a, = 0.500 and highlights a drop in
accuracy of the first order approximation by more than 20% of the zero offset amplitude
measurement and the third order approximation has a drop in accuracy less than 1% of the zero

offset amplitude measurement.

Figure (5.2) shows reflectivity-based AVO modeling using equations (5.4) — (5.6) where all three
reflectivity constants are equal as reflectivity models increase simultaneously, illustrated in

Figures (5.2a) — (5.2d). These figures illustrate the same numerical approach as Figure (5.1) by

using % = % = %p = 0.100 for Figure (5.2a) and etc. In Figure (5.2a), the reflectivity

parameters are small, Af—f = Aﬂ—“ = A?p = 0.100. Reflectivity parameters of this magnitude show

that the first, second and third order approximations are predicting exact Rpp correctly. This
remains to be true as reflectivity in fluid, shear modulus, and density is increased from Figure
(5.2b) — (5.2d). In the next two sets of figures, Figures (5.3) — (5.5) display a side-by-side

comparison between the perturbation and reflectivity-modeled AVO curves.

Figure (5.3) shows a comparison of the performance of the perturbation based modeling and the
reflectivity based modeling simultaneously. Figures (5.3a) and (5.3b) use parameter values of
ar ==L =0300,a, =2 =0.100, and a, = 22 = 0.100. Figures (5.3c) and (5.3d) use

y =~ = 0.300, ¢, =-~=0.100, p =, = 0.100. Fig : :
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parameter values of a; = Af—f =0.100, a, = Aﬂ—” = 0.300,and a, = Aj” = 0.100. Finally, Figures

(5.3e) and (5.3f) use parameter values of a; = Af—f = 0.100, a, = Aﬂ—” = 0.100,and a, = % =

0.300. Figures (5.3a), (5.3c) and (5.3e) show a decreasing amplitude trend from 0° to 30°
incidence angle. The AVO curves produced in these figures highlight the effects that fluid, shear
modulus and density contrasts have on these curves. All three figures show approximately 12%
error for the first order approximation at zero offset and less than 1% error for the third order
approximation also at zero offset. Figures (5.3b), (5.3d) and (5.3f) show small errors for first,
second and third order approximations. The zero offset error is less than 1% for the first and third

order approximations in all three figures.

Figures (5.4) and (5.5) illustrate the same type of numerical analysis as shown in Figure (5.3) but
use larger contrasts. The larger contrasts emphasize the effects that fluid, shear modulus and
density perturbation/reflectivity models have on the AVO curves by the decreasing accuracy of
the approximations. In Figure (5.4), an increase in the single perturbation/reflectivity constant is
measured to be 0.600. Doing so significantly affects the accuracy of the first, second and third
order approximations in the perturbation domain. This is seen in Figures (5.4a), (5.4c), and (5.4e)
where the zero offset amplitude measurement, compared to the first order approximation loses
accuracy relative to exact Rpp by 33%, whereas the third order approximation has 9% error for
the zero offset amplitude measurement. The reflectivity domain based equations however,
remain largely unaffected. In Figure (5.5), another increase in the single perturbation/reflectivity
constant is measured at 0.900 where this increase has brought another significant decrease in

accuracy for first, second and third order approximations in the perturbation domain. The error of
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the zero offset amplitudes for the first and third order approximations are very large but this is
not the case for the reflectivity based approximations, where the first and third order

approximations predict exact Rpp With 20% and 3% error respectively.

Figure (5.6) continues to compare the performance of the perturbation modeling and the
reflectivity modeling but instead select models that differ from constant medium poroelastic
property values. In other words, the analysis is performed such that f, i, and p for both the upper
and lower media remain constant while as, a,, a, and Af/f, Au/u, Ap/p are calculated
accordingly. In Table (5.6), the perturbation values increase by increments of 0.200 from Figure
(5.6a) — (5.6¢) and (5.6¢) — (5.6e). The reflectivity values however, increase by 0.278 from
Figure (5.6b) — (5.6d) and another increase by 0.357 from Figure (5.6d) — (5.6f). Given that the
values for f, u, and p are comparatively analyzed in each pair of (5.6a), (5.6b), and (5.6c),
(5.6d), and (5.6e), (5.6f), it is clear that the reflectivity domain equations are consistently more

accurate than the perturbation based equations.
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Figure 5.1: All four panels have a consistent perturbation each in ay, a,,, and a,,. Four
curves are produced in each panel: the blue curve represents the exact solutions while the
solid, dashed, and dash-dotted black curves represent the 1%, 2" and 3" order
approximations respectively.

Values for perturbations
Figures
(ar = a, = ap)
5.1a 0.100
5.1b 0.200
5.1c 0.400
5.1d 0.500

Table 5.1: Perturbation values from Figure (5.1).
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Figure 5.2: The four panels use a consistent reflectivity of Af/f, Au/Au, and Ap/p in each.
Four curves are reproduced in each panel: the blue curve represents the exact solutions
while the solid, dashed, and dash-dotted black curves represent the 1%, 2" and 3" order
approximations respectively.

Values for reflectivity
Figures
(Af/f = Du/u = Bp/p)
5.2a 0.100
5.2b 0.200
5.2¢ 0.400
5.2d 0.500

Table 5.2: Reflectivity values from Figure (5.2).
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Figure 5.3: Figures (a), (c), and (e) represent the perturbation based poroelastic AVO
approximations of 1%, 2" and 3" order, as shown by the solid, dashed, and dash-dotted
black curves respectively. Figures (b), (d), and (f) represent the reflectivity based
poroelastic AVO approximations of 1%, 2" and 3™ order, as shown by the solid, dashed,
and dash-dotted black curves respectively. The exact amplitudes are shown by the blue
curve.
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Figure ar a, a, Figure Af/f Au/u Ap/p
5.3a 0.300 0.100 0.100 5.3b 0.300 0.100 0.100
5.3¢c 0.100 0.300 0.100 5.3d 0.100 0.300 0.100
5.3c 0.100 0.100 0.300 5.3f 0.100 0.100 0.300

Table 5.3: Values for perturbation and reflectivity for Figure (5.3).
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Figure 5.4: Figures (a), (c), and (e) represent the perturbation based poroelastic AVO
approximations of 1%, 2" and 3" order, as shown by the solid, dashed, and dash-dotted
black curves respectively. Figures (b), (d), and (f) represent the reflectivity based
poroelastic AVO approximations of 1%, 2" and 3™ order, as shown by the solid, dashed,
and dash-dotted black curves respectively. The exact amplitudes are shown by the blue
curve.
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Figure ar a, a, Figure Af/f Au/u Ap/p
5.4a 0.600 0.100 0.100 5.4b 0.600 0.100 0.100
5.4c 0.100 0.600 0.100 5.4d 0.100 0.600 0.100
5.4c 0.100 0.100 0.600 5.4f 0.100 0.100 0.600

Table 5.4: Values for perturbation and reflectivity for Figure (5.4).
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Figure 5.5: Figures (a), (c), and (e) represent the perturbation based poroelastic AVO
approximations of 1%, 2" and 3" order, as shown by the solid, dashed, and dash-dotted
black curves respectively. Figures (b), (d), and (f) represent the reflectivity based
poroelastic AVO approximations of 1%, 2" and 3™ order, as shown by the solid, dashed,
and dash-dotted black curves respectively. The exact amplitudes are shown by the blue
curve.
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Figure ar a, a, Figure Af/f Au/u Ap/p
5.5a 0.900 0.100 0.100 5.5b 0.900 0.100 0.100
5.5C 0.100 0.900 0.100 5.5d 0.100 0.900 0.100
5.5¢C 0.100 0.100 0.900 5.5f 0.100 0.100 0.900

Table 5.5: Values for perturbation and reflectivity for Figure (5.5).
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Figure 5.6: Figures (a), (c), and (e) represent the perturbation based poroelastic AVO
approximations of 1%, 2" and 3" order, as shown by the solid, dashed, and dash-dotted
black curves respectively. Figures (b), (d), and (f) represent the reflectivity based
poroelastic AVO approximations of 1%, 2" and 3™ order, as shown by the solid, dashed,
and dash-dotted black curves respectively. The exact amplitudes are shown by the blue
curve.
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Figure ar a, a, Figure Af/f Au/u Ap/p
5.6a 0.200 0.200 0.200 5.6b 0.222 0.222 0.222
5.6¢ 0.400 0.400 0.400 5.6d 0.500 0.500 0.500
5.6e 0.600 0.600 0.600 5.6f 0.857 0.857 0.857

Table 5.6: Values for perturbation and reflectivity for Figure (5.6).

5.5 Chapter summary

This chapter compares the first order approximation in reflectivity and compares it to Russell and
Gray’s approximation. The results validate our derivation methods. We then show the numerical
results using the first, second and third order approximations with exact Rpp in both the
perturbation and reflectivity domains as a guide to measure the accuracy of the approximations.
A variety of different numerical values were tested for AVO modeling. The first test shown in
Figure (5.1) consisted of a constant perturbation value such that a; = a,, = a,. An increase in

value for perturbation showed a steady decrease in accuracy for the first order approximation.

The second test in Figure (5.2) consisted of using a constant reflectivity value such that Af—f =

% = A,Tp where increasing the value for reflectivity showed consistently accurate predictions from

each of the reflectivity approximations. The numerical results following the first two tests
compared the results of perturbation approximations against reflectivity approximations using
various different numerical circumstances. It was consistently shown that the reflectivity models
provided more accurate results in all orders of approximation relative to the perturbation in AVO

modeling.
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Chapter Six: Towards a more complete picture of poroelasticity
6.1 Chapter overview

The purpose of this chapter is to show the final results from the analysis of reflection and
transmission coefficients in poroelastic media achieved by Gurevich et al. (2004). Background
information discussed by Gurevich et al. (2004) will be mentioned in section 6.2. This will be
followed by the study that Gurevich et al. (2004) provided for poroelastic reflection and
transmission modeling from an incident P-wave in two scenarios; the first in a porous-porous
medium and the other in a free fluid-porous medium. The equations for each medium will be
shown in sections 6.3 and 6.4 respectively. Both sections will include the extent of our work
which consists of re-writing the Gurevich equations using Russell et al. (2011) notation. Finally,

the chapter will be closed with a summary.

6.2 An introduction to the Gurevich study

Hydrocarbon reservoirs as well as many other sedimentary rocks are fluid-saturated porous
materials, with elastic properties that can be described by the theory of poroelasticity (Biot,
1962). This theory predicts the effects of movement of the pore fluid relative to the solid
skeleton by seismic waves propagating through the rock (Gurevich et al., 2004). This opens
potential opportunities to estimate fluid and rock transport properties from measurements of
seismic waves (Gurevich et al., 2004). However, these opportunities are somewhat limited by the
fact that, at low frequencies, relative fluid movement becomes negligible and the rock behaves
like an elastic solid with elastic moduli equivalent to Gassmann’s (1951) equations (Gurevich et

al., 2004).
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In particular, the theory of poroelasticity predicts that elastic wave attenuation and dispersion
only become significant at frequencies comparable to the so-called Biot’s characteristic
frequency w,. = nd/xps, Where ¢ and k are the porosity and permeability of the rock matrix
respectively, and n and p, are the steady-state shear viscosity and density of the pore fluid,
respectively (Gurevich et al., 2004). For commonly encountered natural rocks such as sandstones
or limestones saturated with water, oil or gas, w,. is usually 0.1 MHz or higher. This is much
higher than the frequency of waves of surface seismic exploration (20-70 Hz) and well logging
(5-50 kHz). For frequencies much smaller than w,, both attenuation and dispersion are very
small (Gurevich et al., 2004). However, White (1983) shows that dynamic poroelasticity effects
may be pronounced at low frequencies when macroscopic heterogeneity is present in porous
media (Gurevich et al., 2004). In other words, when a plane wave interacts with fluid across an
interface, a loss of energy from that propagating wave occurs (Gurevich et al., 2004). This loss of
energy is related to the calculation of the reflection coefficient, which is proportional to the
square root of frequency in this particular environment. What this suggests is that we may be
able to monitor fluid effects within porous media using reflection sounding at relatively low

frequencies (Gurevich et al., 2004).

There are various parameterizations of reflection and transmission coefficients for poroelastic
media. These expressions are also typically nonlinear. From an inversion perspective,
nonlinearity causes instability when inverting for desired (predicted) components from the data.
Therefore, we would like to present a framework of equations following Gurevich et al. (2004),

namely normal incidence, frequency dependent, reflection/transmission coefficients. A linearized
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form for these coefficients would provide a computationally faster measure of inverted

poroelastic parameters.

Gurevich et al. (2004) derives normal incident reflection and transmission coefficients using two
different geological scenarios. The first is a two-layer model that consists of a solid poroelastic
medium overlying another solid poroelastic medium. This scenario produces two reflection
coefficients R;; and R;, and two transmission coefficients T;; and T;,. The second geologic
scenario consists of a solid poroelastic medium overlying a free fluid. This scenario produces

one reflection coefficient R, and two transmission coefficients T;, and T;,. The subscript ‘1’

indicates propagation of a fast P-wave which we understand as v = ’H% and subscript 2’

indicates propagation of the Biot slow P-wave.

6.3 Reflection and transmission coefficients for porous-porous media

One set of expressions derived by Gurevich et al. (2004) is used to calculate reflection and
transmission coefficients of an incident P-wave in fluid-saturated media for a two-layer case. As
a result of the frequency dependent effect of porous media on calculating reflection and
transmission coefficients, two P-waves are generated from an incident plane wave, e!“t; a fast P-

wave and a slow P-wave.

Figure (6.1) shows the schematic which Gurevich et al. (2004) uses in deriving the normal

incidence reflection and transmission coefficients.
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Figure 6.1: A representation of an incoming P-wave in layer b. The reflection and
transmission coefficients are for P-waves only and the subscripts indicate a fast P-wave (1)
and Biot’s slow wave (2).

For a fast P-wave, corresponding reflection and transmission coefficients are produced, labelled
R, and Ty, respectively. The Biot slow P-wave also produces a reflected and transmitted P-
wave labelled R,, and T ,. For the fast P-wave, the expressions for the reflection and

transmission coefficient are shown as

@ , (6.1)
Rll( ) PV T (1+ X )povo
and
2p,V.
T, = 11 : 6.2
u(®) PV, + (14 X) pyv, (6.2)

At first glance, by setting X = 0, R{; and T, are reverted back to their elastic forms. This
implies that the X term contains all of the implicit poroelastic properties of the media. This X

term will determine poroelastic variations in fluid and shear modulus while the density terms that
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are outside of X will show the density variations. As shown by Gurevich et al. (2004) X is

defined as

2
C C
Hl(kl%%t(}4o-_}41J
0 1

(ko )slow NO +(k1)slow Nl

X(w)= : (6.3)

where the X term contains moduli that overlap with Russell et al. (2011). Since the research from
previous chapters of this thesis use notation from Russell et al. (2011), this overlap will allow

equation (6.3) to be written in terms of perturbations. This step would include substitution of a,

and a,, for fo/f1 and uo/p ratios respectively.

Other terms such as steady-state shear viscosity of a fluid n or steady-state permeability of a
solid skeleton x, will be kept in their original notation as provided by Gurevich et al. (2004). The

constants H, C, and N are

H:KM+%y+f, (6.4)
C=aM, (6.5)
and
cC C?
N=—-——. 6.6
a H (6:6)

In H, Kgry is the bulk modulus of the skeleton framework, u is the shear modulus, and f is the

fluid term. The fluid term is also mentioned in chapter 2 where f = a?M where « is referred to

as the Biot coefficient




and M is the modulus

M (ui]
Km Kﬂ

This then leaves (k)q 0w and (k)ase Which are expressions for wavenumbers corresponding to
Biot’s slow P-wave and fast P-wave respectively. These variables are left unchanged from

Gurevich et al. (2004) and are described as

,ian]
Ky =o|— 6.7
slow «N ( )

where n represents steady-state shear viscosity of a pore fluid, x is the steady-state permeability
of a solid skeleton, w = 2xf which is the angular frequency and

w
kfast = (68)
Vv

Substitution of equations (6.4) — (6.8) into (6.3) produces

4 M M
((Kl)dry T3t flj(kl)fast “ i - “ 4
(KO)d +§yo+f0 (Kl)dry+§ﬂl+f1

N, |w770 N, ia”]l

Rl

where -~ is written as
VN

{ Lt ,u+f
N e | (6.10)

\/W Y. f
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Equation (6.9) contains instances of nonlinearity. There are squared terms as well as square root

terms in f; and u, that can be expanded in series. By substituting this newly formed equation for

X back into Ry, and T, 4, expressions that are in terms of fluid, shear modulus, and density are

now available for fast P-waves.

For slow P-waves, the reflection and transmission coefficients are

2X{PyV
)= ,
R12( ) p1V1+(1+X)pOV0
and
2 X P,V
T _ 0PoVo _
(@) PV +(1+X) pv,

In these two expressions, the X and X; terms are expressed as

, X
Xo(a)): )
Hof G G
C0 [HO Hl]
and
, X
X; (@)= :
H[G G
olaa)

After substituting equations (6.4) — (6.5) into (6.13) and (6.14), X, and X; become

' X
Xo(a))= 4
(Ko)dw+§ﬂo+fo M, ~
4 4
%M (Ko)dw+§ﬂo+fo (Ki)yy +otat Ty

and
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(6.12)

(6.13)

(6.14)

(6.15)



Xl'(a)) _ X , (6.16)

4
(Kl)dry+§%+ " M, M,

4 4
oM, (Ko)dry+§ﬂo+fo (Kl)dry+§,LLl+fl

which both equivalently have f; and u, dependencies as X does. Finally, expressions for R,

Ti1, R12, Ty, are expressed in terms of f, u, and p.

6.4 Reflection and transmission coefficients for free fluid-porous media

Shown in the previous geological case of a porous medium overlying a porous medium, similar
observations of the reflection and transmission coefficient expressions are made again for the
case of a porous medium overlying a free fluid. For instance, the equation for R, is defined by
impedances of both layers with a (1 — X) embedded in the numerator and the denominator to
allow for fluid compensated effects. When X = 0, the equations for R;; and T;, have been

reduced to their elastic forms and the fluid and shear modulus constants are contained within X.

Figure (6.2) represents the case where the incident P-wave pulse begins its propagation in layer
b) and travels in the negative depth direction. The only difference between this figure and Figure
(6.1) is the lack of R,,. One reason for this difference is the lack of a R;, amplitude in the
displacement vectors shown by Gurevich et al. (2004). The expressions for the reflection and
transmission coefficients for a fast P-wave are similarly constructed in equations (6.1) and (6.2)
with a key difference is that the modulus contains all of the physical poroelastic information.

This was expressed as X for a porous-porous medium and is expressed as Y for a free fluid-
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porous medium. The reflection and transmission coefficients for fast P-waves in a free fluid-
porous medium are

= : (6.17)
oV +(1+Y) pv,
and
Ty (@)= 2 , (6.18)
oV, +(1+Y ) A
where Y is described as
c Y[
Y(w)=| =2-1| |2,y 6.19
( ) (Ho ] 770Nop11 ( )
a) Porous
medium T11
1,
=
=
a
b) Free fluid
Rl]
!
v

Figure 6.2: A second representation of an incoming P-wave in a free fluid occupying layer

b. The reflection and transmission coefficients are for P-waves only and the subscripts
indicate a fast P-wave (1) and Biot’s slow wave (2).

By inspection, equation (6.19) is a reduced form of (6.3). This occurs by replacing the bottom

layer with a free fluid (H; = C; = K;) and the assumption of infinite permeability (k) of the
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free fluid (Gurevich et al., 2004). Using Russell et al’s (2011) notation C, H, and N are explicitly

shown in the poroelastic modulus Y to obtain

2 -1/2

a,M, f ok,

7] -1]]1- ] -
(Ko)d,y+§ﬂo+fo (Ko)dw"'g,uo"'fo lo™o

Y(w)= oV - (6.20)
Since only f, and u, are shown in Y, this determines that neither fluid contrasts nor shear
modulus contrasts will affect R;; or T;,. Only one instance of p, appears in Y which shows that
there are perturbations of density in Ry, and T;. Thus for incidence P-waves traveling in a free
fluid that interacts with a boundary of a porous medium, R;; and T;; contain only a density

perturbation.

For the Biot slow wave, the transmission coefficient is

2Y'p,V,
T. = 00 , 6.21
12 (a)) oV, + (1+Y )pov0 ( )

where the slow P-wave induces a modified poroelastic variable, Y’, which is a reduced

expression of X

Y'(0)= YH =&(&—j 10K v (6.22)
1—-0 Hy L Ho 17N,
Co

Since it appears that Y’ also does not contain any dependence on a fluid or shear modulus
perturbation, T, is also only dependent on a density perturbation. Again, by explicitly replacing

C, H, and N into forms that are in terms of f and u, Y’ becomes
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Y'(w)= -1
(KO)dry+7le0+f0 (KO)dry‘F*,Uo‘*'fo
(629
x| 1- fz —Ia)%plvl
(KO)dry+§ﬂo+fo oMo

6.5 Chapter summary

This chapter shows how to write the Gurevich reflection and transmission coefficients in terms
of the Russell et al. (2011) notation. The next step following this Gurevich study will be to
transition the poroelastic parameters f, u and p into perturbations. Once they are in
perturbations, a Taylor series expansion can be applied to R;; and R, such that they are in series

in orders of ar, a, and a,.
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Chapter Seven: Conclusions
7.1 Summary
7.1.1 Review of AVO poroelasticity

Amplitude variation with offset is a useful tool to predict lithological properties using seismic
signals. Knott (1899) and Zoeppritz (1919) each provide a set of equations that precisely
calculate plane wave amplitudes. Koefoed (1955) demonstrates several examples using the Knott
(1899) formulation to show that hydrocarbons may be detected by changes in measurement of
Poisson’s ratio across an interface. Koefoed (1955) uses a two-layer model using various
velocity, density, and Poisson’s ratios. Like Koefoed (1955), Richards (1961) performs
amplitude analysis using the Zoeppritz equations to show several AVO curves that model a
Paleozoic limestone in Western Canada. During the period that Koefoed and Richards published
their work, calculation of either the Zoeppritz equations or the Knott equations required much

time and patience.

The Zoeppritz equations are highly complex to interpret analytically. Linearization of these
equations resulted from this complexity. There are examples in literature that demonstrate this
(Fatti et al., 1994; Gray, 1999; Aki and Richards, 2002; Russell et al., 2011). One is the Russell
and Gray approximation, parameterized in terms of fluid, shear modulus, and density (f, u, p).
Russell et al. (2011) derived from the Aki and Richards’ approximation, a way to extract three
poroelastic parameters from PP reflection data by showing how to solve for a linearized Rpp
written in terms of the fluid term (f), saturated shear modulus (u), and saturated density (p). .
The Russell and Gray approximation, which provides alternative approximations for poroelastic

AVO modeling, is the motivation behind this thesis. Here the approximations come in the form
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of first, second and third-ordered corrective terms that measure poroelastic changes across a
boundary. As opposed to the derivation methods presented by Russell et al. (2011), the methods
presented in this thesis are shown as a sequence of mathematical processes to manipulate the
elastic Zoeppritz equations formally produce exact forms of poroelastic PP reflection coefficients

using poroelastic parameters f, u and p.

7.1.2 Exact expressions for poroelastic Rpp, Rps, Rss, Rsp

Deriving exact expressions for PP, PS, SS and SP poroelastic reflection coefficients begins by
analysis of the Zoeppritz equations, derived from the displacement amplitude equations.

After an incident P- or S-wave encounters an interface at an oblique angle 6, P and S reflections
and transmissions are expected as a result of the encounter. One incident P-wave approaching the
interface generates one PP reflection, one PS reflection, one PP transmission, and one PS
transmission. One incident S-wave approaching the interface generates one SS reflection, one SP
reflection, one SS transmission, and one SP transmission. Considering incident plane waves from
below the boundary doubles the number of these reflections and transmissions. The relationships
of these waves can be determined with the displacement amplitude equations as shown by Aki
and Richards (2002). From these equations, a convenient matrix-notated form of the Zoeppritz
equations may be solved for Rpp, Rps, Tpp, and Tpg for incident P-waves, and Rgs, Rsp, Tss, and
Tsp for incident S-waves. Since surface seismic experiments observe up-going reflection
amplitudes, incident plane waves are typically considered approaching the interface above the

boundary.
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The contents of this thesis explicitly show the analytical forms for elastic wave displacement
amplitudes from incident P- and S-waves. These forms are referred to as the P- and S-wave
Zoeppritz equations. Poroelastic parameters (f, u, p) are substituted for the elastic ones (Vp, Vs,
p) in both equations. This gives the poroelastic P- and S-wave Zoeppritz equations
parameterized in (fy, Ko, Pos f1, 11, P1, Sin ;). These equations model poroelastic amplitudes in

the same way the elastic Zoeppritz equations model elastic amplitudes.

7.1.3 Series solutions for poroelastic Rpp

Although these equations account for poroelastic variations, the nonlinearity of the Zoeppritz
equations can be an issue. The Russell and Gray approximation is a linearized expression, one of
many examples that can model AVO and estimate model parameters effectively. Real seismic
data is subject to nonlinear effects such as a combination of scatter, heat loss and anisotropy.
Therefore, an extension to Russell et al. (2011) is provided by adding nonlinear terms to the
Russell and Gray approximation. As previously mentioned above, this will be accomplished by
re-parameterizing the Zoeppritz equations in terms of poroelastic parameters (f, u, p) and by
completing a sequence of mathematical processes. In order to achieve series solutions of Rpp, a

few steps need to be accomplished. Those steps are:

1) Transition from poroelastic Zoeppritz equations by substituting parameters f;, o, Po, f1

p1, and p; with parameters of perturbation ay, a,, and a,. This is performed by looking
for instances of poroelastic ratios such as (ﬂ) (@) and (@) (ﬂ) that are found in the

o/ \p1 p1/ \so+fo

A;; and a; elements in P and m,, of the poroelastic P-wave Zoeppritz equations.
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2) Taylor expand A;; and a; elements in in orders of sin® 8y, ay, a,, and a,. This step
eliminates any perturbation parameters that are nonlinear in those elements.
3) The final step is to apply Cramer’s rule which solves for Rpp and calculates the

determinant of ratios of augmented P and un-augmented P.

After the third step, an exact form for Rpp has been determined in the perturbation domain. The
series solutions for Rpp can similarly be accomplished for reflectivity parameters, which requires
repeating the three steps shown above but by replacing a, a,, a, with Af /f, Au/u, Ap/p in the
first two steps. If the exact form for Rpp has already been determined in perturbation, an

alternative approach to solving a series solution in reflectivity is possible.

7.1.4 Analytic and numerical validation

In chapter 5, a comparison is made between the first order poroelastic Rpp with the Russell and
Gray approximation. The purpose of this comparison is validation. The Russell and Gray

approximation is derived from the Aki and Richards’s approximation and is solved by using the

definition for fluid f = pV§ — y3,,pV¢ and the chain rule of f such that Af = ;TfAVP +
P

;TfAVS + Z—];Ap. With these two definitions, Russell and Gray are able to derive an expression
S

for PP reflection coefficients.

The approach to derive a first order poroelastic approximation begins by modifying the elastic
constants Vp, Vs, p into either poroelastic reflectivity parameters Af /f, Au/u, Ap/p or

poroelastic perturbation parameters ay, a,, a_p in each of the 4;; elements of the Zoeppritz
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equations. These elements are then expanded in terms of sin? 8, Af /f, Au/u, and Ap/p or
sin? 6y, ar, a,, and a,. Once complete, Cramer’s rule is applied in order to solve for an exact

form of Rpp.

A comparison between the Russell and Gray approximation and the first order poroelastic Rpp
approximation ultimately shows that they are equivalent. This validates the technique used for
deriving the exact poroelastic Rpp equation. A truncation of this expression may provide linear

or nonlinear approximations of Rpp. These nonlinear terms are investigated for second and third

order variations in Rpp. First (RPP(HO) ~ RS}), second (RPP(QO) ~ REP) + RP(,ZP)) and third

(RPP(HO) ~ RS,) + RISZP) + Rl(fl’,)) order approximations are explicitly shown for reflectivity and

perturbation. Numerical analysis is performed between these two sets of approximations for
various ay, a,, and a, values for the first setand Af /f, Au/u, and Ap/p for the second set. It is
clear that the third order approximation is better at predicting amplitudes than the first and
second order approximations. Moreover, the reflectivity approximations are able to handle larger

poroelastic contrasts than the perturbation approximations.

7.1.5 Dynamic poroelasticity

Gurevich et al. (2004) shows how to derive normal incident reflection and transmission
coefficients in poroelastic media. Dynamic poroelasticity involves a frequency dependence of
these amplitude coefficients and is highly complex even for the simplest, normal incident case.
Gurevich et al. (2004) uses two different geological models to model frequency dependent,

normal incident amplitudes. The first geological model involves a porous solid overlying another
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porous solid, and the second geological model involves a porous solid overlying a free fluid.
Plane wave propagation in both models comes from an incident P-wave, e*®t, that begins in the
lower medium and propagates upwards toward the boundary. In the first model, this creates
reflection and transmission coefficients R4, Ry, T11, and Ty, respectively. In the second model,

reflection and transmission coefficients Ry4, T4, and T}, are generated. The subscripts of R and

T indicate the P-wave type. The subscript ‘1’ indicates a fast P-wave written as v = /“% and

‘2’ is the Biot slow P-wave.

In the first model, the fast P-wave reflection and transmission coefficients take the form

PV~ (1_ X )povo

W)= (7.2)
Rﬂ( ) ,01V1+(1+X)povo
and
2p\V.
Tu(0)= L 7.2
u(@) PV +(L1+ X)) ooV, (7.2)

respectively. If X = 0 in equations (7.1) and (7.2), they would reduce to the elastic forms under
normal incidence conditions. Therefore X, which is a function of w and also contains all of the

poroelastic constituents, is written as

M,

4 a,M
1 dry+7 1 1 /fast R -
(K a1 ) ; :
(Ko)dry+§,uo+fO (Kl)drer—yl+fl

X ()= 3 ,

N, \/Iamo N, \/Iaml
NO \/
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where n and k are the steady-state shear viscosity of a fluid and the steady-state permeability of a
material skeleton respectively, (K)q4ry is the bulk modulus of the skeleton framework, u is the
shear modulus, f is the fluid term, (k)sst = w/v, w is the angular frequency, « is the Biot

coefficient, M is a poroelastic modulus, and N /+/N contains poroelastic parameters such that

M|1- f4
N (K)dw+§y+f
IN IV h f4
(K)dry+§ﬂ+f

The Biot slow P-wave reflection and transmission coefficients are

2X/p,V
R = tath , 7.3
2 (0= 1 X) "9
and
2 X PV,
T (@)= oo% (7.4)
12( ) p1V1+(1+X)poV0

where R, and T;, contain the term X; and X, respectively. X, and X; take the form

X; (@)= ; 2 ,
(Ko)dw+§'u0+ fo M, _ oM,
4
M, (Ko)dry+—y0+ f, (Kl)dry+§'u1+ f,
and
X! (@)= ; X ,
(Kl)dry+§M+ " M, _ M,
oM, 4

4
(KO)dry+§ﬂo+ f, (Kl)dw+§M+ f,



which contain the X term in the numerator in both equations. One observation concludes that R,

and T;, are more analytically complex than R,; and T;.

In the second geological model, the fast P-wave reflection and transmission coefficients are

_ P (1_Y )povo

w : (7.5)
Rll( ) ,01V1+(1+Y)povo
and
20,V
T, = — : 7.6
i) o, 79

Similar to equations (7.1) and (7.2), R;; and T;, are reduced to their elastic forms if Y = 0 and

thus Y contains all of the poroelastic elements and is shown as

2 -1/2
Y (@)= “0'\20 1] [1- fz - ""I\’ZO Py,
(KO)dry+§ﬂ0+f0 (Ko)dry+§/u0+f0 To™o

This explicit form for Y indicates that perturbation in fluid and shear modulus cannot be written
as no instances of f; nor u, constants exist to create poroelastic ratios. There is only a single
instance that p; appears which suggests that a density perturbation a, appears in Ry, and Ty, for
the second model. This shows that, in a circumstance where an incident P-wave is travelling
through a free fluid and interacts with a boundary of a porous solid, only density contrasts will

affect the amplitudes at normal incidence.

The Biot slow P-wave transmission coefficient is
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2Y'p,V,
T, (@)= oV 7.7
(@) PV +(1+Y) poVy ’ (7.7

where Y’ is written as

, a,M a,M
Y (C{))= 0 40 0 40 -1
(Ko)dry+§ﬂo+ fo (Ko)dw+§ﬂo+ fo
12
1 A
(Ko)dry+§:u0+f0 ol

Since Y' does not contain f;, u; and one p; constant as for Y, Y’ is also dependent only on the

density perturbation.

7.2 Key outcomes of the study

One key outcome of this research is the production of linear and nonlinear poroelastic AVO
approximations for PP reflection models. For the linear case, this equation is validated by
comparison with the Russell and Gray equation shown by Russell et al. (2011). This validation
shows that our linear equation is consistent with Russell and Gray. This discovery led to the
inclusion of nonlinear terms added to the set of linear terms in Rpp such that significant
improvement of AVO modeling accuracy is found. AVO modeling in terms of perturbation
contrasts (ay, a,, a,) showed a significant decrease in accuracy of the linear approximation with
respect to the second and third order approximations when perturbation is large (50%). For small
perturbations (10%), the linear and nonlinear expressions are stable. Intermediate perturbation
sizes (10% - 50%) revealed a steady decline in accuracy for all 3 expressions, especially for the

linear case. In the case for the reflectivity contrasts (Af/f, Au/u, Ap/p), the same modeling
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constraints were applied yet yielded different results. High reflectivity contrast values (50%)
consistently revealed that the nonlinear expressions are accurate but show a notable decrease in
accuracy for the linear expression. For small reflectivities (10%), the linear, second, and third
order expressions predicted correctly with the same level of accuracy, while intermediate
reflectivity sizes (10% - 50%) showed a steady decline in accuracy for all 3 expressions,
proportional to the 3 perturbation equations. It is clear that each AVO observation made across

all perturbation and reflectivity models showed better results in favour of the reflectivity models.

Another key outcome is the framework for dynamic poroelastic amplitude equations. The next
step requires the expansion of the poroelastic perturbation models (as, a,, a,) in each Ry4, Ty,
R;,, T;, for the porous-porous case and in each R,4, T;4, Ty, for the porous-free fluid case. Also,
substitution of the perturbation models with reflectivity models (Af/f, Au/u, Ap/p) is also

desired.

7.3 Future directions
7.3.1 Synthetic data

Peter Manning and Joe Wong of CREWES developed an algorithm that creates synthetic shot
gathers for horizontal seismic lines. The algorithm is executed with MATLAB and uses a finite-
difference, time-stepping method to simulate elastic wave propagation in spatially, two-
dimensional environments. The elastic wave can be simulated across 1000 m laterally and 2000
m in depth for an array of nominal receivers with single or multi-shot sources. The source
parameter may be controlled for its depth, type of source (Ricker, windowed cosine, minimum

phase), dominant frequency, and type of energy source (shallow explosion, deep explosion,
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double-couple, X-monopole, Z-monopole). If desired, the seismic experiment can be
manipulated to simulate a vertical seismic profile. Other parameters such as the grid size and
time step increment can also be customized. It is important to note that the amplitudes as well as
phases of the seismograms produced from this algorithm are not correct therefore the analysis of
AVO synthetics would be an exercise to simulate the process of analysis of AVO rather than a

study of the accuracy of AVO modeling.

7.3.2 Physical model data

CREWES has a three-dimensional positioning system based on high-precision linear electric
motors, coupled to arrays of multiple transmitting and receiving piezoelectric transducers (Wong
et al., 2009). For generating and detecting ultrasonic waves, piezoelectric transducers called
piezopins are used. Piezopins are cylindrical with dimensions approximately 1.0 mm by 0.5 mm
long. The piezopins are interchangeable on two gantry carriages and can act either as sources or
as receivers that generate and detect ultrasonic seismic pulses. The maximum range of motion
for these motors is 1000 mm, 800 mm, and 160 mm in the X, y, and z directions respectively. The
scale factor is 1:10%, so these dimensions represent a real-world volume 10.0 km by 8.0 km by
1.6 km respectively. The same scaling factor applies to time such that recorded seismic pulses at
1.0 MHz are scaled down to 100 Hz for real-world values. This system is designed to collect
thousands of scale-model seismic data traces per hour. There are 8 linear motors in this system
with digital position encoders and motor drives configured in a two-gantry orthogonal motion
system and controlled through a controller board installed in a desktop computer. The physical
model lab in CREWES has performed numerous experiments acquiring data for various different

environments (Hernandez et al., 2011; Wong and Lines, 2011; Wong et al, 2011; Arthur et al.,
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2012; Al Dulaijan et al., 2013; Isaac et al., 2010). A proposed model that incorporates a solid
medium that is infused with a fluid could replicate a poroelastic system. The dimensions of this
physical model would require discussions and planning with CREWES’ physical modeling data

expert.

7.3.3 Field data

Field data is ideal in testing the capabilities and limitations of the poroelastic AVO equations.
Data that is well known and analyzed, and also show an attribute of permeated fluid inside a

solid medium is preferable.

7.3.4 Generalization to dynamic poroelasticity

Dynamic poroelasticity shows an additional P-wave generated due to heterogeneity within a
medium. The P-wave that geophysicists are familiar with for the elastic case is known as the fast
P-wave and the additional P-wave generated by interaction with porous inclusions is known as
the slow P-wave or Biot’s slow wave. The Biot slow wave is generated due to heterogeneities in
the porous medium that cause mode conversion of an incoming wave. The result is a wave that is
subject to a high degree of attenuation, especially at low frequencies (Gurevich et al., 1998).
Steps to move forward will determine a set of linear and nonlinear expressions to measure any

modeling efficacy for amplitudes at varying frequencies.

7.3.5 Generalization to full poroelastic scattering

Estimating the seismic wave field’s response corresponding to the small model parameters’

perturbations is a classical problem in inverse scattering (Pan and Innanen, 2013). Instead of
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perturbations and reflectivity models, scattering theory uses scattering potentials for the forward
problem. For the inverse problem, Fréchet derivatives, which are sensitivity matrices, are
considered as sensitivity kernels in the least squares inverse problem. The research of Pan and
Innanen (2013) shows that it is possible to derive the poroelastic scattering potential by first
introducing the poroelastic wave equations as shown by Biot in terms of displacement of the

solid (u) and displacement of the fluid relative to the solid (w). These equations are thus

sat

V(4 V-U+CV-W)|+2,L1V2U+F:—a)2(psatu+hW), (7.8)
and
V-(CV-U+MV-W)l+f =0 (p,u+ pw+mw), (7.9)

where Agqe, C, M, 1, psae, P, P, and m are 8 poroelastic parameters and w is angular frequency.

We may write equations (7.8) and (7.9) in matrix form such that

ool )

where Ly (r, w) is the operator of the scattered wave field in terms of spatial coordinates
(r = x, y,x) and frequency (w). This operator is written as a matrix consisting of 4 sub matrices

such that
Lp(r,w)=("51(r’z) Lfl(r’a’)], (7.11)

where each sub matrix LS, L/, L2, and L/2 contains 9 elements and are implicitly written as
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sl sl sl fl f1l f1
L, L, L Ly Ly L

XZ XZ
sl _ sl sl sl fl_ fl fl f1
L =L, L, L,|L =L, L, L,
LSl LSl LSl Lf 1 Lf 1 Lf 1
X 7y 7z X 7y 7z
7.12
LSZ LSZ LSZ Lf2 Lf2 Lf2 ( )
XX Xy X2 XX Xy X2
s2 __ s2 s2 s2 f2 _ f2 f2 f2
L2=| 12 2 12|, L=l U2 ou?
s2 s2 s2 f2 f2 f2
sz I-zy Lzz sz I—zy Lzz

The complete details of these sub matrices may be found in Pan and Innanen (2013). From the
wave operator, the scattering potential is simply the difference of the perturbed wave operator Lp
and the unperturbed wave operator LY such that

V,=L,-L%. (7.13)

The scattering potential is thus

VSl Vfl
v, =(v52 VfZJ. (7.14)

This completes the necessary steps involved in deriving the scattering potential V, and will be
used to derive the poroelastic Fréchet derivative for the inversion case. Referring to equation
(7.10), the Fréchet derivative may be derived by first writing the solution using integral

representation as shown by Muller and Gurevich (2005). The equation becomes

G (r o) G(r, Fo(r-r
=0 ; o) & (ne)) (Bolr-r)) (7.15)
Gi*(r w) G{*(r' o)) | f,6(r-r)
This shows an integration of Green’s tensor with the field-source tensor that produces the tensors

for u and w. By combining the field-source term (F,f)T = V - (u, w)T with the unperturbed

displacements (u®, w®)T, the scattering equation becomes

ui uIO Gis'l Gi-fl V~Sl V-fl u
( ]=(o)+LﬂV e o lve vizllw | (7.16)
W, W, i ij ko Vie ) \W
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The perturbed and unperturbed quantities of u and w may be written in terms of Green’s

functions for an inhomogeneous medium. Equation (7.16) becomes
.Sl .fl 0 .sl 0 'fl OGfl OG--fl V.51 V-fl sl f1
o O e et ot [ Lav] ot ot [k s ] )
c;isl c:’il C-;lsl Gil e Gij Gij ij ij Gksl le
In simpler notation, equation (7.17) may be written as

G=G,+[ dVG,VG. (7.18)

By inspection, the scattering equation can become an infinite series by replacing the perturbed
Green’s function on the far-right hand side of equation (7.18) with the equation itself. Doing so

creates an infinite series known as the Born series. This wave field can then be written as

G=Gy+[G,VG, +[[G,VGVG, +.... (7.19)
An approximation may be formed by terminating all nonlinear terms which includes terms that
are beyond the second term in equation (7.19). Doing so produces the Born approximation. The
Born approximation assumes weak inhomogeneity and the G, term may be subtracted on both
sides to give

5G ~ [ dVG,VG, . (7.20)

The wave field §G can be described as a volume integral of the unperturbed Green’s function G,
and the scattering potential V. Referring back to the scattering equation in equation (7.17), the
Born approximation assumption of weak inhomogeneity allows the Green’s tensor on the far

right hand side to become homogeneous, thus the scattered wave field may be written as
(558 oS p S S WS ) e
5Gi?2 5G||f 2 Q OGSZ OGijf 2 VJ?(Z VJll; 2 OGkSIZ Oka| 2
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Finally, the poroelastic Fréchet derivative may be written in terms of the model parameter &s

such that
Gt G, Vic
oS oS < J' dv OGi?l OGijfl | os
5Gi5|2 5Gi|f 2 @ OGi?Z OGijf ? Vjiz
oS oS E

This sensitivity matrix is crucial in perturbation analysis.
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Appendix A: Poroelastic weighting factors
The contents of this appendix show the explicit forms of RS}, Rl(fp) , and Rl(,?l’,) in both the

perturbation (ay, a,, a,) and reflectivity (Af/f, Au/u, Ap/p) domains.

A.1 First order poroealstic weighting factors for a;, a,, a,

RY =W, a, +W, a,+W, a, (A1)
(),
W, :1(1+sin290)— Y (1+sin6,)
4 4 yo)sat
2
w, = (%)drzy (1+sin2490)—izsin2490
Yo sat 7o sat
_1 sin*g,
4 4

A.2 Second order poroelastic weighting factors for ay, a,, a,

(2) _ 2 2 2
Rep =W, af +W, a, +W, a’ +W, a;a, +W,a,;a,+W,a,a, (A.2)

2 . 4
w, = 1_(70)iry S|n46?0 +% 1_(7o)iry
(7/0 )sat (7/0 )sat
2 2
\Na’5 _ (7/0)d2/ sec? 6, - (7o)dr2y B 22 (l— 1 }sinzeo
4(7/0 )sat 2(}/0 )sat (70 )sat 2(7/0 )sat

2 ]
1- sin® g
[ (70)sat O)

W, =

Q|-
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) 4(7/0 )szat (7/0 )szat

W= (VO)EW (1(70);}

2

(70 )sat

W - {1_ (%)jwlsinz 0,
4

A.3 Third order poroelastic weighting factors for as, a,, a,

() _ 3 3 3 2 2 2
Res _Wamaf +Wauaﬂ +Walzap +Wa13afaﬂ +Wa14afap +Walsa#af A3)

2 2 2
+W, aa,+W, aa, +W, asa, +W, a;a a,

W 6—2{5(1+3sin290){1 (7)o }r(%)‘} (1—13sin290)—5(7°)2“f [1—3"'2‘90 J]

5(7/0):at (}/O)sat (70)sat

2 3

6 - 2 2(7, )
W :i(%;dry (1_sm «90]+ (Vo)dry sec? 6, + ’ {1— (}/O)d“’}sinz 6,

" 64 (70 sat 5 4(70 )sat 4(70 )sat (;/0 )sat
4 4
_ 2 . 1— (7/0)dr)i1 sinz 90 _ (yO)dZ
(7/0 )sat 16(}/0 )sat 4(7/0 )sat
s 2
W, SO (g G| 3 sin® 4,
2 64 5 16(}/0 )Sat

2

6 -
W _15(70)gy (l_smzeoj_ (70 )y

7 4
(1+35in200)—ﬂ(1—§sin290)

o 84(r ) 5 ) 64(r), 32(r), \ 7
2 2
_ (yO)d;y 1- (yO)drzy sin® @, + ! —sin® g,
4(70)sat 2(7/0 )sat 8(70 sat

110



(7 )jry

)sat 64 ( 7o ):at

2 2 2 4
31
W, = 1—(7/0)‘? (yo)drj - — |sin® g, - (%)drzy + (yo)i’y (1—isin2¢90j
(7/0) 4(70 )sat 2(7/0 )sat 4(}/0 )sat 64(7/0 )sat 31

15(%% )y (1_sin2490

2 l a2
sec Qo—a(lJrl?sm %)
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(7o),
W, = 3)2 (1— 2y Jsinzeo—
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8(70 3(70 )sat
2 2
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A.4 First order poroelastic weighting factors for Af/f, Au/u, Ap/p

2 2 4
5)2 [1+ (70)uy sin® 6, — 3)3 (1+ (70)u ]sinzeo——(%)“’y4 sec’ 4,
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W, _1 sec’q,
* 2 4

A.5 Second order poroelastic weighting factors for Af/f, Au/u, Ap/p

2 2 2
Réé) —W, [gj +W, (A_ﬂj +W, (A_pj W, ﬂA_/”JrWA Af Ap
f 5 \p f u “f p

# (A5)
+WA9 A_’UA_p
Hop
2 2
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v 4(70 ):at

A.6 Third order poroelastic weighting factors for Af/f, Au/u, Ap/p
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