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ABSTRACT

The scattering theory can be used as a powerful theoretic approach to understand and
process seismic data. Exploring inverse scattering series, which have been used to remove
multiples from seismic data, depends on understanding how these series generate primaries
and multiples. We are engaged in a study of time lapse seismic problem in the context of
scattering theory. To begin this project, we here review the key theoretical antecedent
of our near term project, the work of Matson (1996). Analytical calculation of the Born
series shows that the higher order terms in the series alter the amplitude and adjust the
velocity of the scattered wavefield as well as describe internal multiple reflections. Primary
reflections are described by all of the terms in the series whereas a multiple which contains
n reflections is described by the n'* and all higher order terms.

INTRODUCTION

This paper recapitulates the work reported by Matson (1996), in which the meaning
and influence of individual terms in the scattering series construction of a wavefield are
determined. We have begun a systematic study of scattering series terms arising from
posing the time lapse seismic problem as a perturbation problem, and much of those future
insights take the work of Matson as a starting point.

In conventional wave theory, seismic waves propagate through an inhomogeneous earth
with different velocities in different layers. These waves undergo reflection and transmis-
sion when they incident on a boundary between two layers in earth.

In forward scattering theory, earth is viewed as a homogeneous reference medium and
a perturbation about that reference medium rather than a complicated wavefield in an inho-
mogeneous earth. This provides a powerful theoretical method to describe seismic waves.
Using scattering theory, the wavefield in the complex medium (the earth) is treated as a
reference wavefield plus a perturbation which is nonlinearly related to the earth properties.
This nonlinear relationship can be determined precisely using Lippmann-Schwinger equa-
tion which in turn is expanded into an infinite series called the Neumann or Born series.
Born series is an infinite terms of wave propagation (reflection and transmission) in the ref-
erence medium separated by different orders of perturbation or scattering interaction with
a point scatterer earth model. Born series simply constructs a desired wavefield form based
on a reference wavefield and a perturbation model (Matson, 1996).

When the difference between the actual and reference medium is not large meaning that
values of perturbation are small, the linear term in Born series can be derived and used to
predict the earth model properties. This is referred as linearized or Born approximation
(Cohen and Bleistein, 1977). For larger values of perturbation larger subsets of Born series
terms with higher order of perturbation are required (DeWolf, 1971, 1985).
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In seismology, indeed, the wavefield data are recorded and methods are investigated
to determine the model earth properties from these data. This method which is inverse
of forward scattering mentioned above is referred as inversion scattering problems. There
is a relationship between the inverse series terms and primaries and multiples. Therefore
inverse scattering can also be applied to predicts and remove multiples (Carvalho and et al.,
1991; Weglein and et al., 2003; Innanen, 2009).

In this project Born series terms have been derived for a simple one dimensional model,
and then the role of each term has been illustrated. We will start with a brief introduction
on the forward scattering Born series followed by deriving the Born series for a one dimen-
sional wave incident on a single planar interface and a single layer embedded between two
half spaces. Lastly, the results for general case are summarized.

THEORY: THE BORN SERIES

In exploration seismology, a forward problem is designed to characterize the wavefield
emanating from a source and propagating through an earth model. In this model, the earth
includes of layers with constant velocities and discontinues velocities at boundaries. The
forward problem for this layered model is solved using a boundary value approach in which
the solutions are constant velocities for each layer. These separate solutions are matched at
the boundary on each consequent layer.

We begin with the one dimensional constant density acoustic wave equation

where the scalar P(x|z,;t) represents the pressure at point x and time t due to a one di-
mensional planar source at point zs and time t = 0. The velocity c(x) can be characterized
by a constant reference velocity c¢q and a perturbation () so that

2
Co

()

Choosing the reference medium as the medium between the source and receiver leads to
significant simplifications, and is used throughout this project.

or

alz)=1- (2)

Fourier transforming equation (1) with respect to time and substituting equation (2)
gives

[88_; 1 (Ccu_gﬂ P(z|rg k) = 6(x — ) + (Ccu—g) a(z)P(x|x,; k) 3)

where P is the Fourier transform of P with respecttot, k = = 1s the spatial wavenumber,
and w is the temporal frequency. To find a solution to equation (3), consider a causal free
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space Green’s function Py (x|x,; k) which satisfies the equation

0? ~
{@ + kQ] Py(x|zg; k) = 0(z — x5)

Using this Green’s function as a reference wavefield, an integral equation corresponding
to equation (3) and its physical boundary conditions is (Weglein, 1985)

P(z|zg: k) :§0<x1x5;k)+/ Po(z|a’; k) ka2 ) P2 |g; k)da!

—00

This is called the Lippmann-Schwinger equation and plays a pivotal role in scattering
theory. Based on this equation the wavefield in an inhomogeneous medium is the sum of
the wavefield in a reference medium and an integral that represents the scattered field due
to perturbation. Iterating the Lippmann-Schwinger equation back into itself generates the
Born series

P(x|zg; k) :ﬁo(g:|x5;/<)+/ Po(z|z'; k)2 ol(z") Py (2! |g: k) da!
+ / Po(z|2's k) k2a(x') { / Po(a'|2”; K)k2 o) Py (2" g; K)da | d! - )

b =Py P Dyt

The terms in this series are referred here either according to their order in « , or their place
in the sequence. For example, the zero-th order term is F, which is the first term in the

series. Similarly, the first order term P , is the second term in the series and so on for the
other terms.

The first term in the born series which is simply the Green’s function, represents a direct
wave propagating in the reference medium from the source at z , to the measurement point
at x. The second term contains k?c(z’) sandwiched between two Green’s functions. The
Green’s function on the right represents a wave which propagates from source at x, to a
point scatterer at z’. The wave interacts with the scatterer at this point and propagate back
to x via Green’s function on the left. Therefore, the first order term is the integral over
all possible single scattering interactions. Similarly, the third term represents a sum over
waves which propagates in the reference medium and undergo two scattering interactions.
Following this interpretation, each term in Born series involves a series of propagation and
interactions with points within the scattering region.

Truncating the Born series after the second term leads to the Born approximation. In
this approximation, the data measured is linear in the model. When the perturbation is
small, the higher order terms in the Born series become less important and the Born ap-
proximation is valid. Higher order terms in Born series play an important role when the
perturbation value is lager. In he following sections, contribution of the each term in the
Born series to data construction is demonstrated.

CREWES Research Report — Volume 23 (2011) 3



Jabbari and Innanen

Half Space Layer
Source Gy G

— @

Measurement Point

FIG. 1. Plane source of acoustic waves incident on a planer interface.

Scattering by a single interface

Here, I consider two semi-infinite half-spaces with wave velocities ¢ and ¢; are shown
in Figure 1. The background medium is a homogeneous medium with velocity c¢y,. The
velocity perturbation is then given as a(z) = agH (x—x1) where H (x—x1) is the Heaviside
step function, x; is the interface location, and oty = 1 — (E—T)Q . For simplicity, the source
location is at x, = 0.

The reference wavefield for a homogeneous whole space and a plane source is the one-
dimensional free space Green’s function

ezk\x|

2k

Py(z|zs = 0y k) =
This constitutes the first term in the Born series for this model.

From equation (4), the second term in the Born series is

Py(z|z, = 0;k) = / Po(z|2'; k)2 o(z") Py (2'|0; k) da'
- (&)

00 eikz|a:—x’\ eik|x’\ ) . )
:/ ( 5T ) ( 5T )aok H(z' — zy)dz

Here, the exponential terms can be combined and expressed as exp[ik (22" — z)| for x < 2’
and exp(ikx) for > 2/. When = < x; the measurement position is on the source side of
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the interface and equation (5) becomes

~ 00 eik(Qac’fx)
P (x < 21|05 k) = / {_—4} apdr’

Qo
—q I /
( ) e zkx/ ezk2a: dz’
4 -

. ik2x’ 7 °
4 2ik -

B — e_ik;x _eik’le

4 2k

— & ik(lefx)>
(Sike

This integral is solved by considering small amount of dissipation in the wave propaga-
tion such that waves infinitely far from their source will have negligible amplitude. This is
satisfied by adding a small imaginary part to the wave slowness such that % = %(1 + ie)
where € > 0 for w > 0 (Aki and Richard, 1980). This result can also be obtained by a
contour integration in the complex ' plane.

Adding Fy and P, gives the Born approximation

_ N |
Prom( < 21]0; k) = (ﬂ) ke ( % ) Jik(201-2)

In this expression, the first term is a wave that propagates outward from the source directly
to x. The second term is a reflected wave since it travels in the negative direction. The
reflection coefficient, which is the ration of the amplitude of the incident and reflected
wave, for the Born approximation is

po Bl _ o0 _ 1) {M} (1) [(Cl —CO)(01+00)}

R 4 (Z c - c

Y

(7)

This result was also obtained by Weglein and Gray (Weglein and Gray, 1983) in a study on
the sensitivity of Born inversion to the choice of reference velocity. The reflection coeffi-
cient can be obtained for this example by equating the pressure and the normal component
of velocity across the boundary (DeSanto, 1992). This coefficient is % and 1s clearly
not in agreement with equation (7). Figure 2 shows, however, that the Born approximate re-

flection coefficient does approach the proper value for small values of oy ,i.e., when E—(l] ~1

When x > z, the second term is expressed as

ﬁl(;p > ;p1|07 k) = <_Ta0) |:/ eikzdx/ +/ eik(Qz'_:c)dx/:|

() o ()

= —_Oéo(x —x1)e

. o .
ikx 0 ikx
_|,_ —e
4

8k
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FIG. 2. A comparison of the true reflection coefficient to the Born approximate coefficient for a
plane wave incident on a single interface.

Here, the second integral is exactly equation (6) with 1 = x in the lower limit of the
integral. Combining these results with the first term gives the Born approximate transmitted
field

N eikx a ) a .
Poomn(@ > 1[0 k) = o + 82_‘261]% - ZO(:): — zy)etk®
etk g Qg
= = |1 = 4 S — )2k
2ik [ y T ;)2

- () (@)@ -

This solution has the form of a forward traveling transmitted wave. This wave prop-
agates with the velocity of the first medium and not of the second, and the transmission
coefficient is not in agreement with the expected 1" = (Cffcl) (DeSanto, 1992). By adding
more and more terms to the forward Born series, the solutions for the reflected and trans-

mitted waves converge to the classic expressions.

2 [(2) @ik —21) — 1) — 1]

= — [% (2ik(x —x1) — 1) — 1}

T —

The third term in the Born series is written as
Py(x]0; k) = / Py(z|a’s k)22 )Py (2 > 2|0 k); k)da
1

Notice that this wavefield is dependent on the transmitted wavefield for the second term.
When # < z; the measurement position is on the source side of the interface and this
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equation becomes

_ © 1200
Py(x < 21]|0; k) = / %elk(‘r “OP (2 > 11]0; k); k)da’

kQCYO oo Kol — o, Q .
_ ik(z' —x) 0/ 1 ikx 0 ikx dz’
2ik /x ‘ p @ m)eT e e

kQOég & ’ ik / kQOéz * ’
— _ . ik(2z —x)d / . 0 ik(2x —x)d /
ik /zl (" —xy)e '+ 1652 /gc1 e x

_( kQOég B eik(?aq—z) (o ]{]2043 B eik(Q:cl—:v)

ik 4k? 16k2 2uk

B ageik@xlfx) ageik@zlf:v)

n 32ik 32ik

_ OZ(% eik(Q;Bl—:v)

161k

The third term Born series for the reflected wave is

~ eik(Qacl—:L’) 042
Py(x < x1[0; k) = B — <1—8)

When x > x4, the third term is expressed as

- k2
Py(x > x1]0; k) = ( ,ao)

/ eF@= P (2 > x1|0; k)dz’

2ik -
+ (k;,(zo) /:O =D Py (1) > 1|0 k)da’!
RESy SIS
() (G) [[ oo s TR - fglero e
- () [ () e () (2) [t
_ _%eikx /:(a;’ —21)da’ + _1/;20248 /: ekr gy 1
_ % ika {(:U’ —2:161)2L1 B lfz;zéeikx(x o)+

e

= [—k‘z(x —x1)° (f—é) — (Qik’(x — xl)‘i‘—é) + (‘f—é)

The third term Born series for the transmitted wave is

By(w > w0 k) = [—zf(x ) (%) . (m@ . %) .
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Each term in the Born series, as it is seen in the third term, depends on the transmit-
ted solution for the previous term. This leads to the following recursive relation which
generates all of the terms in the series

o0

P, (x]|0: k) = / Po(z|0; k)k2a(x') P_y (z > 21|0; k)da’

—0o0

= Po(x < 21]0; k) + Py (x > 21]0; k)

— ik(z'—x) / . /

/I1 < e ) e P, (2 > x1|0; k)dx 8)
x k2 ) o~

i / ( 25;0> N e

o kQOé o, ~
+/I ( 2@'1@0) e*@ =D p (2 > 24|0; k)da'

where P, is the n'" term in the series.

Summing a number of terms yields the reflected wavefield

. eik2:p16—ikx
Pr(x < 21|0; k) = <T)

1 1 9 5 3 7 4 21 5 9)
KS) o+ (16) %+ (128) %+ (256) %\ To2a) Y0t
:ﬁl—f—ﬁg—i—ﬁg—i—
where the subscript R denotes the reflected wavefield. Noting that
1 Qg 1Y\ 1 3 5 4 7 5 21 6
T—ag)t =1 (S2) = (5)ad = (55 ) ad = (125 ) @b = (55¢ ) @0 = (5557
(1-a0) 2 (8) o (16) %~ \128) % \256 ) 0 \1022) “0 "
(10)

equation (9) becomes

Palw < 2|0;k) = (k—kk) Kaio) (1-(3)-0- 0‘0)%”
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This yields the proper reflection coefficient

()
2 2 2\ 2
e o 0
B f—cg
i
?—c 2\ 1
_ 21 — o (@
- 2—c
cf
c%—l—co co
26? c1
=g
cf
B c + 2 —2c0 1
B 2¢2 ct—c2
_ (a1 =)
f — ¢
(c1 — o)
(c1+ ¢o)
For the transmitted wavefield, equation (8) leads to
- eik:v eikz ap
Pr(x > 2|0;k) = — + | — — 2tk(z — x <—>
T( 1| ) ) 2@]{ 22]{ ( 1) 8

ik 2 ik 3
e 9 5| [ f e . da
_ _ _ 20 ik — 2%
+ [sz 2k(x —a1) = k(2 — 1) } (16) + (2@% +=2ik(x xl)) <128)

+ (—K (2 — 1)?) (%‘f) - (?) (z — 1)’ (;f—ﬁ) +o

:ﬁ0+ﬁ1+§2+ﬁ3+

Rearranging this equation gives

B ik cikz 1 1 5 7 21
k) =
Pr(z > 21]0; k) 2ik+(i/€)[(8 0+16 0+128 0—1_256 O+1024 O+ )
1 1 7
_2 - - 3 —_— 4 _— 5 “ee
ik(x :r;l)(SOzo—i-lG +128%+256%+1024%+ )
1 3 9
— k2 (x —1q)? —ap
(2 = 22)* (3506 + 7% + 556% T 356% + )
ik3 3,1 3 1 7
+(?) (v =21 (500 + 3300 F g0 + o) ol
B+ FaBe B
(11)
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N

Using equation (10) and defining v = (1 — ayp)

- eilm eikx R
o> a0 =+ () (775)

[lel—m@—xgu—yy—(ﬁfﬁiﬁf)u—7f+”f%C‘m@_x”ﬂ)u—yw}

e . .
= o2 equation (11) written as

2 n!

() () @) e

Knowing that

2 A3

A
A— —_— QE—
e =1+A+ 2!+3!+...

A= —ik(zx —z1)(1 —7)

And reducing the terms

R
(1=  (a+c)
and
Eo+l)
(v+1)
results in

~ ~ ¢ eik1 (m—xl)eikrl
P(x > x1|0;k) = Pr(z > 1|0y k) = [(c —{—c)] { T }
1+ ¢co

where the subscript T denotes the transmitted field and k1 = ky = £ is the wavenumber
in the second medium. This gives the transmitted coefficient

P 2
T:’ﬁ’:{ = }=1+R
| Pl (c1 + o)

as expected.

This is an amazing result since not only Pr has the proper amplitude and propagation
direction, it propagates with the velocity c¢; . Therefore the various scattered wave prop-
agating in the reference medium superpose to create a wave which travels at the proper
medium velocity. In addition, these waves also superpose to cancel the direct wave F.

This simple example illustrate how the higher order terms in the Born series alter the
amplitude and adjust the propagation velocity of the scattered wavefield. The next example
demonstrates that the higher order terms also describe waves which are multiply reflected
between interfaces.
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FIG. 3. Plane source of acoustic wave incident on a layer between two half-space.

Scattering by a layer between two half-spaces

In this section, the case is a single layer with a velocity ¢; between two semi-infinite
half spaces having velocities ¢y and c;.In this model,shown in Figure 3, internal multiple
reflections will be generated in addition to primary reflections.Using the same constant
reference velocity cy, the perturbation part of the velocity is written as

alx) = H(x —x1) + (g — 1) H(x — x9)

Cp2
n=1-2
1
Cp2
Qg = 1— —
€3

where x, and x5 are the location of the first and second interfaces, As before, the source is
located at z .

When the measurement point is in the same region of the source, the measured data are
reflection data and includes both the direct and scattered wavefields. The first term in the
Born series for this region, i.e. x < x7 is

Pi(z < 21|0; k) = / Po(z|a’s )k ol(2) Py (2 |0; k) da!
_ - ai ik(20'—2) g /_/Oo (%) k(22 ) ],/
/:m (4)6 )L, )t v

As before, a small amount of dissipation allows direct evaluation of the indefinite inte-
gral. This gives

. e—ikax ) )
Pl(x < x1|0; k;) = ( ik ) [alelkle + (az _ al)eszxz] (12)

which describes waves reflected from the first and second boundaries respectively. For the
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interval 1 < x < x4 P; is expressed as

Pi(xy < x < 25]0; k)

_ ‘ % ikx 3, i % ik(22'—z) 7,0 (%) ik(2z'—x) 3./

/“(4>e dx /z (4)6 dx /332 1) dx (13)
1 . ,

= (8z_k> [—ai (2ik(z —21) — 1) e* + (a — ozg)eZk(sz_r)]

This solution represents the transmitted wave through the first interface and the reflected
wave from the second interface. For z > xo,

Pi(x > 5|0 k)

_ 2 ay ikx 3,/ $<a2> ikx 3,/ <>O<a2> k(22 —x) 3./
= /I1 <4>€ dx 7)€ dx 7)€ dx (14)

x2 T

= (Z:;) [12ik(z1 — x9) — g (2ik(z — x9) — 1)]

which is transmitted wave only.

The Born approximate solutions to first order for this model predict the expected types
of waves. However, they display errors in both amplitude and phase and also they do not
generate the interlayer multiple reflections. Starting equation (12) - (14), the following
recursive relations enable the calculation of higher order terms in the Born series

. T2 k? ) , -
P,(x < 2:1]0; k) = / ( Oél) k(@ _I)Pn_l(ajl < 2’ < 5|0; k)da’!

x1

o k2 N~
+/ < ,7;) etk(@ ’x)Pn,l(:c’ > 15|0; k)da’
T2

21
. T k2 ) o~
Po(z1 <z <2903 k) = ( 23?) R P (xy < 2 < 25|05 k)da’
1 ?
2 k,2 ) , .
+ ’ ( 2;1) R P (1) < 2 < 29)|0;k)da!
* /|2 Gy~
+ < a2> e*@ =P (2] > 1,|0; k)da!
2

— T2 k’2 ) o~
Pu(r > 1[0 k) = / ( Qikl) R P (2 < @' < 2|05 k)da’

Summing a number of terms gives an expression in which the various terms can be
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grouped according to the type of wave they describe. For reflection data this is written as

P(x < 21]0; k) = Py(x < 21|0; k) + PPz < 21]0; k) + PP (2 < 21]0; k)
+ P (g < 2110, k) + P (2 < 21]0; k) + higher — oreder — multiples,

where the subscripts prl, pr2, mltl, mlt2 represent the first and second primary reflections,
and the first and second order multiple reflections, respectively.

As each term in the Born series represents a different order of scattering interaction,
there is a relationship between these terms and internal multiples reflections. This relation-
ship for reflection data is such that the different order multiples do not appear until a certain
odd number of scattering interactions are summed. For example, a first order multiple in-
volves three reflections: two from the second interface and one from the first. In the Born
series, this type of wave path is first described by the forth term which contains waves with
three scattering interactions as they propagate from the source to to the measurement point.
For a given multiple, its first term and all of the following terms contains information about
that multiple. So not only do the higher order terms contribute to the primary reflections
and transmissions, they describe higher and higher order multiple reflections.

The first primary reflection is

. —ikx ik2xq
PPz < 11]0y k) = {%} X
i

1a+ia2+ia3+ia4+ia5+
g/t 16) ! 128 )1 "\ 256 ) 1 1024 )+

As in the previous example, using equation (10) leads to the solution

ﬁprl(w < xl,k) =R, |:

e—ikm eik2:c1 :|

2ik
where
2 —2(a—ay)? —041} (e1 — co)
Rl — —
aq (Cl —+ Cg)

is the reflection coefficient corresponding to the first interface.

The second primary reflection is represented by a more complicated expression involv-
ing terms in k1, z2 , 1 , a1 and as . When certain series expansions are used, these terms
reduce to

efikz eikZ:vl eik2 (z2—21)

2k

PP (z: k) = TyT, Ry (15)

where &, is the wavenumber in the second medium. The transmission coefficients 7 and 77
are given by 1 + Ry and 1 — R, respectively, and correspond to wave transmitted through
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the first interface in the + and - directions. The reflection coefficient R is related o the
second interface and can be written as

N

o 2—op—ap—2(1 —)z(1 — ay) _ (ca — 1) (16)

(g — o) B (ca+ 1)

The Born series is obtained from equation (15) by the first expanding exp [ik12(z2 — x1)]
as a power series in ik;2(z5 — 21) and then substituting the expansion for (1 — ;)2 into
k1, Ty , and T7 . Next, the expansions for (1 — al)% ,(1— ag)% and (QQ—ial) are substituted
into equation (16) which is in turn substituted into equation (15).

Like the second primary, the first order multiple P™t is also sum of terms in k , To ,
x1 , 1 and oy . By employing the same series expansions as for the reflected waves, this
portion of the series becomes

—ikx eik2(2x2 —z1)

ik ] [1 4+ 4(xy — 21)(71 — 1) (k)

O n)n - DR, (ki ) =)

P™(z;k) = —Ri(1— R}) R [6

]

—ikx ,ik2(2z2—x1)

€ € ikd(xo—x —
= —R(1 - R})R? [ o } giFA(z2=z)(n-1)
efikxeiklrl eik14(:p27x1)
= —Ri(1 - R®R?
R e

where v; = (1 — al)% . Note that this properly describes the multiple with the respect to
both the amplitude and the phase.
For the second multiple, the terms reduce to

Pr(a; 1) = ~i(1 - RS |

—ikx eik2x1 eiklﬁ(ngxl)
21k

As before, the corresponding portion of he Born series is obtained by expanding out R, ,
Ry, and exp [ik,6(zy — x1)].

CONCLUSIONS

The scattering theory is applied to investigate a mapping method between the earth
model and seismic data. The Born series is established and full series terms are derived.
Theses series were able to predict and interpret seismic reflection data including primary
and multiple events.Scattering theory could simplify a complex wave field in a complex
medium into a reference wavefield, Green’s function, which is perturbed by medium. The
perturbation function is defined base on the medium property or slowness. This work en-
hances our understanding of inverse scattering which is a step by step process for inverting
seismic data into earth parameters by understanding how earth properties are mapped into
primary and multiples reflections in the forward problem. This can form the basis for mul-
tiple attenuation. The calculation in this project have not only confirmed that the role of
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the higher order terms is to alter the amplitude of reflected and transmitted wave, adjust the
propagation velocity of transmitted wave, and describe inter layer multiples, but have also
shown the details of how this occurs.
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