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ABSTRACT

P- wave and S- wave quality factors (QP and QS) can provide valuable information for
identifying the type of fluid in reservoir space. The results calculated by rock physics at-
tenuation model suggest that P- wave and S- wave velocities (VP and VS) and quality factors
vary with frequency, which also induce the reflection amplitude variation with frequency.
However, the variation of velocities with frequency is small within the seismic frequency
range, which can be ignored in the approximation of PP- wave and PSV- wave reflection
coefficients. Our research begins with the rock physics numerical modeling to verify the
reliability of ignoring the influence of frequency on velocities. The reflection coefficient
approximate formulas of PP- wave and PSV- wave are derived using scattering function,
and these formulas can be applied in the inversion of seismic data for elastic properties (P-
wave and S- wave impedances and density) and quality factors. PP- wave and PSV- wave
are employed in our approach to estimate quality factors, which can help to improve the
accuracy of the inversion. Singular value decomposition (SVD) algorithm is used to solve
the inversion problem, and initial models are utilized to constraint the inversion. Synthetic
tests show the P- wave and S- wave impedances, density and inverse quality factors can be
estimated reasonably even in the case that signal-to-noise ratio (SNR) is 2.

INTRODUCTION

Rock physics studies show that quality factors are influenced by reservoir parameters
(porosity, fluid type, saturation, frequency etc.). Boit (1956) derived some equations for
expressing the frequency dependent velocities. In his equations, the quality factor is related
to the mechanisms of viscous and inertial interaction between the pore fluid and the mineral
matrix of the rock. Dvorkin et al. (1995) introduced a model for calculating the elastic
properties and attenuations at any intermediate frequency, and in their model, P- wave and
S- wave quality factors (QP and QS) are expressed as the ratios of the absolute value of
the real part to the imaginary part of P- wave and shear moduli, respectively. Using their
model, we can model the influence of some reservoir parameters on quality factors.

In a viscoelastic medium, the complex P- wave and S- wave velocities (VP and VS) are
functions of quality factors and the elastic velocities (VPE and VSE), and the complex veloc-
ities can induce the complex reflectivities. Recent studies, such as those of Innanen (2011),
Bird (2012), Moradi and Innanen (2015) and Zong et al. (2005), have shown that the reflec-
tion coefficient of the viscoelastic medium can be expressed in terms of the reflectivities of
P- wave velocity (VPE), S- wave velocity (VSE), and density (ρ), and quality factors. Follow-
ing Moradi and Innanen (2015), we derive PP- wave and PSV- wave reflection approximate
coefficients for the homogenous viscoelastic medium.

Joint inversion of PP- wave and PSV- wave seismic data has been proved to be a useful
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tool to estimate the elastic properties (Stewart, 1990; Larsen, 1999; Margrave et al., 2001).
In order to improve the accuracy of the estimation of elastic properties and quality factors,
in the present research, we demonstrate a joint inversion method to estimate P- wave and
S- wave impedances, density, and inverse quality factors, and the singular value decompo-
sition (SVD) algorithm is employed to solve the inversion problem. Initial models are used
to constrain the inversion. Synthetic data, which are added with different signal-to-noise
(SNR) ratio noises, are used to verify our inversion approach.

THEORETICAL BACKGROUND

The expression of complex stiffness perturbation

The propagation factors for the elastic and viscoelastic media are respectively given by
Aki and Richards (2002) as

exp[i(kx− ωt)] = exp[iω(
x

Ve
− t)], (1)

exp[i(Kx− ωt)] = exp[
− ωx

2V (ω)Q(ω)
]exp[

iωx

V (ω)
− iωt], (2)

where k and K are the complex wave parameters for the elastic and viscoelastic media,
ω is the angular frequency, Ve is the velocity for the elastic medium, V (ω) and Q(ω) are
frequency-dependent velocity and quality factor for the viscoelastic medium respectively.

Comparing equation 1 with equation 2, the complex velocity V for the viscoelastic
medium is expressed, to first order, as

Vvisco = V (ω)[1−
i

2Q(ω)
], (3)

The complex P- wave and S- wave velocities, VP and VS, are given by

VP−visco = VP(ω)[1−
i

2QP(ω)
], (4)

VS−visco = VS(ω)[1−
i

2QS(ω)
], (5)

Under the assumption that the attenuation is mainly induced by the interaction between
the pore fluid and the mineral matrix of the rock, we use the extension of Mavko-Jizba
squirt model for all frequencies (Dvorkin et al., 1995; Mavko et al., 2009) to generate
the P- wave and S- wave velocities and quality factors variations with frequency and rock
property (porosity and fluid), as shown in Figure 1 and Figure 2.

Some constants in the Mavko-Jizba squirt model we use are that Z value is 0.08, pore
aspect ratio is 0.1, and the effective bulk modulus of dry rock at very high pressure is 50
GPa. We can see that the P- wave attenuation (1/QP) increases with the porosity and gas
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FIG. 1. P- and S- wave velocities and quality factors variations with frequency and rock porosity
(The water saturation is 1).

FIG. 2. P- and S- wave velocities and quality factors variations with frequency and gas saturation
(The porosity is 0.1, and the fluid is the mixture of gas and water).
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saturation, and S- wave attenuation (1/QS) increases with the porosity and has no change
with the fluid saturation. The variations of P- wave and S- wave velocities and quality
factors indicate that the influence of frequency should not be ignorable.

From equations 4 and 5, the complex stiffness parameters C33−visco and C55−visco of
viscoelastic media are expressed as (ignoring the high order of QP and QS)

C33−visco = ρ[VP(ω)]2[1−
i

2QP(ω)
]2≈C33(ω)[1−

i

QP(ω)
], (6)

C55−visco = ρ[VS(ω)]2[1−
i

2QS(ω)
]2≈C55(ω)[1−

i

QS(ω)
], (7)

The perturbation of complex stiffness parameters, ∆C33−visco and ∆C55−visco , are ex-
pressed as

∆C33−visco
= ∆C33(ω)[1−

i

QP(ω)
] + C33(ω)

∆QP(ω)

[QP(ω)]2
, (8)

∆C55−visco
= ∆C55(ω)[1−

i

QS(ω)
] + C55(ω)

∆QS(ω)

[QS(ω)]2
, (9)

The perturbation of complex stiffness matrix in the viscoelastic medium is expressed as

∆Cvisco =


∆C33−visco ∆C12−visco ∆C12−visco 0 0 0
∆C12−visco ∆C33−visco ∆C12−visco 0 0 0
∆C12−visco ∆C12−visco ∆C33−visco 0 0 0

0 0 0 ∆C55−visco 0 0
0 0 0 0 ∆C55−visco 0
0 0 0 0 0 ∆C55−visco

 ,

(10)
where ∆C12−visco = ∆C33−visco − 2∆C55−visco.

Linearized PP- wave and PSV- wave reflection coefficients

Under the assumption of Born integral and stationary phase, Shaw and Sen (2004, 2006)
derived the linearized equations to calculate PP- wave and PSV- wave reflection coefficients

RPP =
1

4ρcos2θ
S, (11)

RPS =
sinθ

2ρcosϕsin(θ + ϕ)
S, (12)

where ρ is the density of the reference elastic medium, S is the scattering function, θ is the

P- wave incident angle, ϕ is the S- wave incident angle, and sinϕ =
β

α
sinθ.

Following Shaw and Sen (2004, 2006), we derive the approximate expressions of the
complex PP- wave and PSV- wave reflection coefficients for the homogeneous viscoelastic
medium based on their proposed expression of the scattering function

S = ∆ρξ + ∆Cmnηmn, (13)
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where ξ = gig
′

i and ηmn = g′ip
′

jgkpl . In addition, p and g are the slowness and polariza-
tion parameters, ∆ρ is the perturbation of density, and ∆Cmn is the perturbation of complex
stiffness matrix (i.e. equation 10).

For the case of azimuth φ being zero, the PP- wave and PSV- wave reflection coeffi-
cients are expressed as

RPP(θ, ω) = sec2θRP(ω)− 8gsin2θRS(ω) + (4gsin2θ−tan2θ)RD

−sec2θ[RP(ω)−
1

2
RD]

i

QP(ω)
+

1

4
sec2θ

∆QP(ω)

QP(ω)

i

QP(ω)

+4gsin2θ[2RS(ω)−RD]
i

QS(ω)
− 2gsin2θ

∆QS(ω)

QS(ω)

i

QS(ω)
,

(14)

RPSV(ϕ, ω) = −4
sinθ
cosϕ

(
√

gcosθcosϕ− gsin2θ)RS(ω)

+
sinθ
cosϕ

(2
√

gcosθcosϕ− 2gsin2θ − 1)RD

+2
sinθ
cosϕ

(
√

gcosθcosϕ− gsin2θ)[2RS(ω)−RD]
i

QS(ω)

−
sinθ
cosϕ

(
√

gcosθcosϕ− gsin2θ)
∆QS(ω)

QS(ω)

i

QS(ω)
,

(15)

where RP(ω) =
∆IP(ω)

IP(ω)
=

∆α(ω)

2α(ω)
+

∆ρ

2ρ
, RS(ω) =

∆IS(ω)

IS(ω)
=

∆β(ω)

2β(ω)
+

∆ρ

2ρ
, and RD =

∆ρ

2ρ
. For the case of constantQ, VP(ω) = VP(ωr)[1+

1

πQP
log(

ω

ωr

)], and VS(ω) = VS(ωr)[1+

1

πQS
log(

ω

ωr

)] (Aki and Richards, 2002). In addition, ωr is the reference frequency.

We construct an effective model (an elastic medium over a viscoelastic medium, Figure
3) to calculate PP- wave and PSV- wave reflection coefficients at different frequencies.
Elastic parameters of the upper layer of the effective model, P- wave and S- wave velocities,
and density, are from the shale-gas sand model (Goodway et al., 1997), and the inverse
quality factors are zero. Reservoir parameters of the lower layer are shown in Figure 3.

In the present study, we use the extension of Mavko-Jizba squirt model to calculate P-
wave and S- wave velocities and inverse quality factors for the case of gas-filled (gas satu-
ration, Sg, is 1) lower layer at different frequencies. Figure 4 shows the real and imaginary
parts of PP- wave and PSV- wave reflection coefficients. We can see that real parts of PP-
wave and PSV- wave reflection coefficients variations with frequency are small in seismic
frequency range, the imaginary parts are smaller than the real parts, and the imaginary parts
vary with frequency obviously.
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FIG. 3. The elastic medium over viscoelastic medium model.

FIG. 4. Complex PP- wave and PSV- wave reflection coefficients. (a) Real part of PP- wave
reflection coefficient; (b) Imaginary part of PP- wave reflection coefficient; (c) Real part of PSV-
wave reflection coefficient; (d) Imaginary part of PSV-wave reflection coefficient.
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Joint PP- wave and PSV- wave inversion for inverse quality factors

For a highly attenuative reservoir (the overlying and underlying layers are elastic,
∆QP(ω)

Q2
P(ω)

≈

1

QP(ω)
and

∆QS(ω)

Q2
S(ω)

≈
1

QS(ω)
), we simplify PP- wave and PSV- wave reflection coeffi-

cients as

RPP(θ, ω) = sec2θRP(ω)− 8gsin2θRS(ω) + (4gsin2θ−tan2θ)RD

−sec2θ[RP(ω)−
1

2
RD −

1

4
]

i

QP(ω)
+ 4gsin2θ[2RS(ω)−RD −

1

2
]

i

QS(ω)
.

(16)

RPSV(ϕ, ω) = −4
sinθ
cosϕ

(
√

gcosθcosϕ− gsin2θ)RS(ω)

+
sinθ
cosϕ

(2
√

gcosθcosϕ− 2gsin2θ − 1)RD

+2
sinθ
cosϕ

(
√

gcosθcosϕ− gsin2θ)[2RS(ω)−RD −
1

2
]

i

QS(ω)
.

(17)

Since equations (16) and (17) are derived in the frequency domain, the synthetic seismic
are generated by

SPP(θ, ω) = a(θ)W (ω)RP + b(θ)W (ω)RS + c(θ)W (ω)RD

+d(θ)W (ω)
i

QP(ω)
+ e(θ)W (ω)

i

QS(ω)
,

SPSV(ϕ, ω) = h(ϕ)W (ω)RS + k(ϕ)W (ω)RD + l(ϕ)W (ω)
i

QS(ω)
, (18)

where
a(θ) = sec2θ,

b(θ) = −8gsin2θ,

c(θ) = 4gsin2θ−tan2θ,

d(θ) = −sec2θ[RP(ω)−
1

2
RD −

1

4
],

e(θ) = 4gsin2θ[2RS(ω)−RD −
1

2
],

h(ϕ) = −4
sinθ
cosϕ

(
√

gcosθcosϕ− gsin2θ),

k(ϕ) =
sinθ
cosϕ

(2
√

gcosθcosϕ− 2gsin2θ − 1),
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l(ϕ) = 2
sinθ
cosϕ

(
√

gcosθcosϕ− gsin2θ)[2RS(ω)−RD −
1

2
].

To found the least square inverse problem, we re-write equation 18 for the case of M
interface and N incident angle as


SPP(θ1, ω)

:
SPP(θN , ω)
SPSV(ϕ1, ω)

:
SPSV(ϕN , ω)

 =


A(θ1, ω) B(θ1, ω) C(θ1, ω) D(θ1, ω) E(θ1, ω)

: : : : :
A(θN , ω) B(θN , ω) C(θN , ω) D(θN , ω) E(θN , ω)

0 H(ϕ1, ω) K(ϕ1, ω) 0 L(ϕ1, ω)
: : : : :
0 H(ϕN , ω) K(ϕN , ω) 0 L(ϕN , ω)





RP(ω)
RS(ω)
RD

1

QP(ω)
1

QS(ω)


,

(19)
where

SPP(θi, ω) =
[
S1

PP(θi, ω) · · · SM
PP (θi, ω)

]T ,

A(θi, ω) = diag
[
a1(θi, ω)W (ω) · · · aM(θi, ω)W (ω)

]T ,

B(θi, ω) = diag
[
b1(θi, ω)W (ω) · · · bM(θi, ω)W (ω)

]T ,

C(θi, ω) = diag
[
c1(θi, ω)W (ω) · · · cM(θi, ω)W (ω)

]T ,

D(θi, ω) = diag
[
d1(θi, ω)W (ω) · · · dM(θi, ω)W (ω)

]T ,

E(θi, ω) = diag
[
e1(θi, ω)W (ω) · · · eM(θi, ω)W (ω)

]T ,

H(ϕi, ω) = diag
[
h1(ϕi, ω)W (ω) · · · hM(ϕi, ω)W (ω)

]T ,

K(ϕi, ω) = diag
[
k1(ϕi, ω)W (ω) · · · kM(ϕi, ω)W (ω)

]T ,

L(ϕi, ω) = diag
[
l1(ϕi, ω)W (ω) · · · lM(ϕi, ω)W (ω)

]T ,

RP(ω) =
[
R1

P(ω) · · · RM
P (ω)

]T ,

RS(ω) =
[
R1

S(ω) · · · RM
S (ω)

]T ,

RD =
[
R1

D · · · RM
D

]T ,

1

QP(ω)
=

[
1

Q1
P(ω)

· · ·
1

QM
P (ω)

]T

,

1

QS(ω)
=

[
1

Q1
S(ω)

· · ·
1

QM
S (ω)

]T

.

Equation 19 may be succinctly expressed as

d = Gm, (20)
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where d is the offset-dependent seismic data vector, G is the complex frequency-dependent
operator, and m is the unknown parameter vector.

Singular value decomposition (SVD) is employed to solve the least-square problem.
The matrix can be expressed as a product of three matrices

G = UΛV T, (21)

where Λ is a diagonal matrix that consists of the singular values, UT = U -1, and V T = V -1.

Therefore, the least squares solution of equation 20 is given by

m = (GTG)−1GTd = (V ΛTUTUΛV T)−1V ΛTUTd = V Λ−1UTd. (22)

However, in the case that Λ−1 doesn’t exist, we can’t obtain the least squares solution.
Moreover, if there is very small singular value in Λ, Λ−1 becomes large and the solution is
instable. Here the damped least squares should be used to make the inversion more stable.

m = (GTG+ ε2)−1GTd = (V ΛTUTUΛV T + ε2V IV T)−1V ΛTUTd

= V (ΛTΛ + ε2I)−1ΛTUTd.. (23)

In equation 23, we see that the damping factor ε2 may help to avoid the large value in
the inverse of Λ. In other words, for each singular value, λ−1

i , becomes λi/(λ−1
i + ε2).

Considering seismic frequency, the low-frequency model (constructed by well-logging
data and rock physics analysis results), should be employed, and the iteration is used to get
the more accurate inversion results.

m = minit + V (ΛTΛ + ε2I)−1ΛTUT(d−Gminit), (24)

where minit denotes the initial low-frequency model of the unknown parameters.

EXAMPLES

Utilizing the well-logging interpretation results (clay volume VC, porosity Φ and gas
saturation Sg, Figure 5), we first calculate to the frequency-dependent P- wave and S- wave
quality factors with the extension of Mavko-Jizba squirt model. Here we assume that the
Z value is 0.08, pore aspect ratio is 0.1, and the effective bulk modulus of dry rock at very
high pressure is 50 GPa.

Figure 6 shows the estimated results of P- wave and S- wave velocities and inverse
quality factors at different seismic frequencies (20 HZ, 40 HZ, 60 HZ and 80 HZ). We can
see that the P- wave and S- wave velocities and inverse quality factors increase with seismic
frequency and the changes of quality factors with frequency are larger than the velocities,
which may also confirm the variation of real part of reflection coefficient with frequency
(Figure 4) is small in seismic frequency range. The corresponding frequency wavelets,
which are used to generate synthetic traces, are shown in Figure 5.
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FIG. 5. Well-logging interpretation results.

Figure 8 and Figure 9 show the comparison between inversion results (red) and true
values (blue) of P- wave and S- wave impedances, inverse quality factors, and density at
different frequencies for the case that the signal to noise ratios are 5 and 2, respectively. The
initial models (green) of unknown parameters are the smooth results of the true values. We
see that the inversion may obtain the reasonable results of P- wave and S- wave impedances
and inverse quality factors when the synthetic data has moderate white Gaussian noise, the
results estimated by using the low-frequency (20HZ) synthetic data are smoother than that
estimated by utilizing other frequency seismic data, and the accuracy of density inversion
should be improved.

CONCLUSIONS

We derive the approximate equations of PP- wave and PSV- wave reflection coefficients
in terms of P- wave and S- wave impedances, density, and P- wave and S- wave inverse
quality factors. The reflection coefficients consist of two parts: the real part, which shows
the effects of elastic properties on reflection coefficients, and the imaginary part, which
involves the effects of elastic properties and quality factors. From variations of PP- wave
and PSV- wave reflection coefficients with frequency, we find that the effect of frequency
on real parts of reflection coefficients is ignorable in seismic frequency range. Therefore,
we don’t consider the frequency influence on seismic inversion for the elastic properties
(P-wave and S-wave impedances, and density).

Using the approximate equations, we demonstrate a method to implement joint inver-
sion of PP- wave and PSV- wave data to estimate the elastic and attenuation parameters
for hydrocarbon reservoirs at different frequencies. Interpretation results of well log data
are employed to calculate P- wave and S- wave quality factors at different first, and then
the calculated results are used to generate the real and imaginary parts of synthetic seismic
data to test our method. Tests on synthetic data show that P- wave and S- wave impedances,
and inverse quality factors can be estimated reasonably at different frequencies when the
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FIG. 6. The estimated results of P- wave and S- wave velocities and inverse quality factors at
different seismic frequencies.

FIG. 7. The corresponding wavelets for generating synthetic seismic data.
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FIG. 8. The comparisons between inversion results (red) and true values (blue) for the case of
S/N being 5. The dashed green line represents the initial model. (a) 20HZ, (b) 40HZ, (c) 60 HZ,
and (d) 80 HZ.
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FIG. 9. The comparisons between inversion results (red) and true values (blue) for the case of
S/N being 2. The dashed green line represents the initial model. (a) 20HZ, (b) 40HZ, (c) 60 HZ,
and (d) 80 HZ.
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synthetic data are added with the moderate noise.

The future work is the implementation of joint inversion of PP- wave and PSV- wave
real data. One important task is to construct the imaginary parts of real data. However, if
we can ignore the imaginary parts of the square results of reflection coefficients, we may
calculate the square results of PP- wave and PSV- wave real data first, and then estimate
the elastic properties and inverse quality factors with a nonlinear inversion method.
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